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ABSTRACT. We investigate a new class of Lie algebras, which are tame locally extended 
affine Lie algebras of nullity 1 . It is an infinite-rank analog of affine Lie algebras, and their 
centerless cores are a local version of loop algebras. Such algebras are called locally affine 
Lie algebras and locally loop algebras. We classify both of them. 



Throughout the paper F is a field of characteristic 0. All algebras are assumed to be 
unital except Lie algebras, and tensor products are over F. 



In BMYL a locally extended affine Lie algebra, a LEALA for short, is introduced as a 
generalization of an extended affine Lie algebra, an EALA for short. A LEALA is a Lie 
algebra _£f with a certain Cartan subalgebra and a nondegenerate invariant form 3$ on 
Jz? satisfying certain axioms (see Section 4). We classified LEALAs of nullity in IMYII . 
The purpose of this paper is to classify the second easiest class, namely, the class of tame 
LEALAs of nullity 1, called a locally affine Lie algebra, a LALA for short. It turns out 
that the centerless core of a LALA is a local version of a loop algebra, which we call a 
locally loop algebra. Thus a LALA is really a local analog of an affine Lie algebra. In fact 
we show that a locally loop algebra is a direct limit (or a directed union) of loop algebras, 
and that the core of a LALA is a universal covering of a locally loop algebra. This was 
also shown by Neeb [N2, Cor. 3.13] in a different way. There are seven new locally loop 
algebras of type B^, C^, D^, B^, or Bc[, 2) , where 3 is an infinite index set. 

Thus the core of a LALA is a universal covering of one of the seven locally loop algebras. 

M 

Here, one should note that, in the above seven cases, X~ always means 



where this is a direct limit according to inclusions of all finite subsets 3' of 3. 

For each loop algebra, there exists a unique, up to isomorphisms, affine Lie algebra 
having it as the core. However, for each locally loop algebra, there are infinitely many 
isomorphism classes of LALAs having it as the core. We roughly explain here about the 
LALAs of the type and the twisted type C%\ 

First of all, let sly (F{t ±l }) be the Lie algebra consisting of trace matrices of infinite 
size 3 (but only finite entries are nonzero) whose entries are in the algebra F^ 1 ] of Laurent 
polynomials. For example, if 3 = N (natural numbers), then we see 
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We call sl;j(,F [t ±l ]) a locally loop algebra of type A;, , which is simply an infinite rank 

analog of a loop algebra sL + i(,F[? ±1 ]) of type A^ 1 '. Here, we use the following convention: 
slj is of type A3 if 3 is an infinite index set, and SI3 = sLj + i is of type A^ if 3 is a finite 
index set with £+1 elements (also see Remark |7TTT i. As in the case of sl^+^F^ 1 ]), there 
exists a universal covering, sl^(F[t })®Fc, of sl3(F[f ±1 ]), where Fc is the 1 -dimensional 
center. Then one can construct the Lie algebra 

if""' :=sh(F[t ±l ])®Fc®Fd (0 \ (1) 

where = t4r is the degree derivation. This if ms endowed with a Cartan subalgebra 

t)®Fc®Fd {Q) , 

where f) is the Cartan subalgebra of slg(F) consisting of diagonal matrices, is a simplest 
example of a LALA, and is called a minimal standard LALA of type (see Definition 
15. It . There are more examples even for the type aL 1 , adding diagonal derivations of 
SI3 (F^ 1 ]). Let us explain these examples briefly without mentioning the defining bilinear 
form 3$. 

Let My(F) be the vector space of matrices of size 3 and 7Jj the subspace of Mj(F) 
consisting of diagonal matrices. That is, we have 

M 3 (F) = {u,,o,.i 3 I fly EF} , T 3 = T 3 (F) = {( aij ) E M 3 {F) \ a,j = for j} . 

In fact, we use here two kinds of sets of matrices, namely SI3 consists of matrices whose 
entries are almost everywhere, but M3 can contain a matrix whose entries are all nonzero. 
We note that 

sl {F) + T d 

is a Lie algebra with the centre Fi, where 1 = 13 E Tj is the diagonal matrix whose diagonal 
entries are all 1 . Let 

^,:=(slj(F) + 7a)/Fi (2) 
be the quotient Lie algebra. We always identify the sublalgebra 

sh(F) = (sh(F)+Fi)/Fi 

of £/j with SI3 (F), and omit the bar for any element or a subalgebra of £#3. That is, 
sLj(-F) can be considered as a subalgebra of stfy. Also, if we choose a complement 7^ of 
Fi in 73, we sometimes identify Tj/Fl with T^. Consider the loop algebra g/j <8>F[t ], 
and we construct the Lie algebra 

J 3 :=jj 3 ®F[i kl ]®Fc®Fd { ® (3) 

as in ([TJ, which contains if""'. In fact, to show that srfy ®F\t ] ®Fc is a Lie algebra, we 
need to discuss a bilinear form on g/j (see the details in Example l5.21 i. We will show that 
this gfj is a maximal LALA of type AL , and that any LALA of type A^ 1 ' is a graded 
subalgebra of containing 

J8f(p) :=sh{F[t ±1 ])®Fc®F{p + d^) (4) 

for some 

P ET 3 /(t)(BFi), 

where Tj/fy ®Fl) is identified with a complement Til of f) ©Ft in Tj, We use the notation 
if(.p) instead of if (p) by this identification. This if(p) is called a minimal LALA 
determined by p E TJj ~Tj/(\j ®Fi). We note here that if (p) is sometimes isomorphic 
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to the minimal standard LALA Jz?"" = Jzf (0), but ^f(p) is not always isomorphic to Jzf" M 
in general (see Example 17. 171 ). 

Next, let s = | * ) be the matrix of size 23, where l = Ut is as above. Define an 

automorphism a of period 2 on s\2^(F) + T 23 by 

o(x) = sx's 

for x € si2a(F) + ^3, where x' is the transpose of x. Let sp 2 3(F) be the fixed subalgebra 
of sl 23 (F) by a, which has type C3, and s the (— l)-eigenspace of a so that 

8123(F) = sp 2 j{F)®S. 

Moreover, we have 

sl 2J (F) + T 23 = (sp 23 (F) + T+)®(s + T-), 

where T + is the 1-eigenspace and T is the (— l)-eigenspace for a acting on 725. Note 
that T 23 = T + © T and FI23 C T . We fix a complement Tf of Fi in 7 1- , and we identify 
T-/F1 with rf . 
Now, let 

£/ 23 ■= (shd(F) + T 23 )/Fl 23 

in the same idea as (0. Since cr(Fi) = Fi, we have the induced automorphism on &/ 23 
which we also write cr for simplicity. Thus, omitting bars as above, we also have 

^ 2 ° 3 = (sp 23 (F) + T + )(B( 5 + T-). 

Let 

Ma :=s*23®F[t ±1 ]®Fc®Fd(°\ 
as ©. We extend a to as 

a(x<g>**) := {-l) k a{x)®t k , 
and identically on Fc@ Fd^°\ Then the fixed algebra &f 2 % by <7 is the following. 

J 2 % = ((sp 23 (F) + T + )(g>F[t ±2 })®({s + T l -)<S)tF[t ±2 })®Fc®Fd i0) . 

Note again that we omit bars, especially for T and T^~. Note also that g/Q contains the 
subalgebra 

■= {sP2i(F)®F[t ±2 ]) © (s®tF[t ±2 ]) ®Fc(BFd (Q \ 

(2) 

which is called a minimal standard twisted LALA of type C 3 . We will show that srf^ 

(2) (2) 

is a maximal twisted LALA of type CX , and that any LALA of type is a graded 
subalgebra of containing 

J8f(p) := (sp 23 (F)<S>F[t ±2 })®(s®tF[t ±2 })®Fc®F(p + d^) 

for some p G / (sp 23 (F) C*iT + ), where we again identify T + / (sp 23 (F) C\T + ) with a 
complement T\ of sp 2 j(F) n T + in T + . This J§f (/?) is called a minimal twisted LALA 

determined by /?. As in the type aL 1 ', ^£{p) is not necessarily isomorphic to jSf"" = jSf (0). 

We emphasize that the usual twisted process works for not only the Lie algebra s\ 23 (F) 
but also bigger Lie algebras contained in sl 2 a(f ) + T 23 to construct twisted LALAs. 

The classification of LALAs proceeds as follows. First we classify the cores of LALAs. 
We show that the core of a LALA is a locally Lie 1 -torus, which is isomorphic to a universal 
covering of a locally loop algebra. We also show that there is a one to one correspondence 
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between reduced locally affine root systems and the cores of LALAs. (This part was al- 
ready done in IIN2II by a different way.) The second step of the classification is to determine 
a complement of the core of a LALA ££ . Let 

where Jz? c is the core and D is a homogeneous complement of the core. Since J£ c is an 
ideal and Jz? is tame, D embeds into Der/r Jz? c ., the space of derivations of Jz? c -. Moreover, 
one can show that Derp Jz? embeds into Dei>L, where 

L := i? c /Z(jS? c ) 

and L is a locally loop algebra. Now we need some information about Der? L. Derivations 
of this kind of algegbra were studied in |BM], |B| or |NY|. However, the derivations of a 
locally loop algebra are not classified yet in general. One can use some results in MAI I for 
untwisted case since L is a tensor algebra in that case (see Remark [6]4j. But we need to 
figure out the twisted case. So one has to develop a new theory. Of course, we need to use 
the classification of Deipg for a locally finite split simple Lie algebra g by Neeb in IN1I . 
Fortunately, we do not need the whole information about Deif L to classify D. It turns out 
that we only need to know the diagonal derivations of degree m 

(Der/rL)o := {d E Dei F L | d{L k a ) C L k + m for all a e A and k e Z}, 

where L k a or L„ +m is a homogeneous space of the double graded algebra (a locally Lie 
1 -torus) 

ceeAu{0} kez 

It is crucial to determine (Der/rL)^. Once this is done, (Deip L)q can be easily figured out 
for the untwisted case. However, for the twisted case, the classification is still difficult. 
First we show the same result as in the untwisted case for an even m. For an odd m, we 
show that a diagonal derivation commutes with a shift map, which is a centroidal element 
on a Z-graded algebra (see Lemma l7T8l l. Using this fact, one can extend the derivation 
on the twisted locally loop algebra to the corresponding untwisted locally loop algebra 
(see Lemma |7l9l l. Then using the classification of the untwisted ones, we can classify the 
diagonal derivations of odd degree (see Theorem l7.101 >. 

Thus our interest D = ©,„ e z D m can be identified with a graded subspace of the known 
space m6 z (Der^ L)T for both untwisted and twisted cases. Finally, we classify the Lie 
brackets on D for both cases. First one can show that [D,D] C Fc. Then since Jz? is a 
graded Lie algebra, we get 

[D m ,D"}cF(8 m+ „, Q c) 7 

where 8 is the Kronecker delta. Then, by the fundamental property (f2TT > of a LEALA in 
Lemma H~4l the brackets on D m and D~ m are determined by the defining bilinear form 38 
of Jzf . The concrete brackets are described in Example l5.2l 

To conclude this introduction, we briefly describe the contents of the paper. In Section 
2, we define a locally Lie G-torus and a locally Lie 1 -torus as a special case. We introduce 
a locally loop algebra which turns out to be a centerless locally Lie 1 -torus in Section 3. 
Here we classify locally Lie 1-tori in general. We prove that a centerless locally Lie 1 -torus 
is uniquely determined by a root system extended by Z, and it is a locally loop algebra or 
a universal covering of a locally loop algebra. In Section 4 we recall a LEALA and define 
a LALA. We prove some general properties of a LEALA or a LALA. We will see that the 
core of a LALA is a universal covering of a locally loop algebra. In Section 5 we construct 
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many examples of LALAs, which will be all. In Section 6 and 7 we classify untwisted 
LALAs and twisted LALAs. We show that the examples in Section 5 exhaust all LALAs. 

The authors thank Karl-Hermann Neeb and Erhard Neher for helpful discussions and 
suggestions regarding this work. 

2. Locally Lie G-tori 

Let A be a locally finite irreducible root system, and we denote the Cartan integer 

2(/x,v) 
(v,v) 

by (jU, v) for fx, v G A, and also let (0, v) := for all VGA. Let 

A if A is reduced 



A red . = 



{aeA| ia^A} otherwise. 



2 l 

For the convenience of description later, we partition the locally finite irreducible root 
system A according to length. Roots of A of minimal length are called short. Roots of A 
which are two times a short root of A are called extra long. Finally, roots of A which are 
neither short nor extra long are are called long. We denote the subsets of short, long and 
extra long roots of A by A s h, Aj g and A ex respectively. Thus 

A = A s h U Ai g U A ex - 

Of course the last two terms in this union may be empty. Indeed, 

Ai g = <==^ A has simply laced type or type BCi, 

and 

A = A red . 

Let G — (G, +,0) be an arbitrary abelian group. In general, for a subset S of G, the 
subgroup generated by S is denoted by (S). 

Definition 2.1. A Lie algebra Jz? is called a locally Lie G-torus of type A if 

(LT1) Jz? has a decomposition into subspaces 

fieAu{0},geG 

such that jSf v A ] c J2*+5 for jti , v, n + v G A U {0} and g, h e G; 
(LT2) For every g G G, = L^amg 

(LT3) For each nonzero x G _S^f (jj, G A,g G G), there exists ay G so that t := [x,y] G 

if ° satisfies [t,z] = {v,n)z for all z G JSf* (v eAU{0},/i G G); 
(LT4) dimJz?*' < 1 for ji G A and dim^f° = 1 if ^ G A red ; 
(LT5) (suppjSf ) = G, where supp^f = {g G G | J2jf ^ for some ju G A U {0}}. 
If A is finite, is called a Lie G-torus. Also, if G = Z", Jz? is called a locally Lie 
n-torus or simply a locally Lie torus. We call the rank of A the rank of ££. 

Remark 2.2. (i) Condition (LT5) is simply a convenience. If it fails to hold, we may 
replace G by the subgroup generated by supp Jz? . 

(ii) It follows from (LT1) and (LT3) that ££ admits a grading by the root lattice 2(A): if 

J? x :=® geG J?l (5) 

for X G 2(A), where j2f « = if X <£ A U {0}, then jSf = ©^ Ge(A) JS? A and [Sf x , J2?„] c if A+jU . 
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(iii) Jzf is also graded by the group G. Namely, if 

S£* := © m gau{0} > ( 6 ) 

then JS? = ® geG and [jSf^,_Sf A ] c ^+' 7 . Also, suppif = {g G G | J2f* ^ 0}. 

(iv) From (LT3) we see for /i £ A red that there exist elements e M £ Jz?^, fa G J*?^, and 
jti v = := [e^fft] so that [^ v ,z] = (v,^)z for all z G i?v> VGA and /i G G. Thus, the 
elements e^.f^,^ determine a canonical basis for a copy of the Lie algebra 812(F). (Note 
that jx v is a unique element in [Jzf^Jzf-n] satisfying the property.) The subalgebra g of Jzf 
generated by the subspaces Jz?° for /I G A red is a locally finite split simple Lie algebra with 
the split Cartan subalgebra 

jiGA red 

and /x v are the coroots in h. (One can show this in the same way as the proof of WvlYI 
Prop. 8. 3], or see [St Sec. III]). Note that if A is finite, then g is a finite-dimensional split 
simple Lie algebra. Also, A red may be replaced by A in the definition of q and h, since it 
can be shown in the same way as in BYll Thm.5.1] that Jzf 2 °v = f° r a ^ v G A red . We say 
the pair (q, h) = (q, the grading pair of Jzf. 

(v) A Lie G-torus is perfect, and so it has a universal covering. 

We define the root systems of locally Lie G-tori. Let Jzf = ©^ g au{0} ®geG -2J? be a 
locally Lie G-torus. For each jj, G A, let 

S ll :={g&G\Jzf^Q}, 

and we call 

A := {5 m } m£ a 

the root system of Jzf. Such a system fits into the system introduced in MY1I . Let us state 
the precise definition. A family of subsets of G indexed by A, say {S^^A, is called a 
root system extended by G if 

(U MeA Sfi) — G, (7) 

S v - {v,n)S tl c S v -{v,ji)/x for all n,v G A, and (8) 

OeS^ for all p. G A red . (9) 

Moreover, {S^I^a is called reduced if 

S2 M H2S M =0 for all 2jU,/j G A. (10) 

By the same way as in MY1I Thm 5.1], one can show that the root system A is a reduced 
root system extended by G, i.e., A satisfies (0, ([8]), (0 and ( TTOb . In particular, the root 
system of a locally loop algebra is a reduced root system extended by Z. Also, by the same 
way as in | Yl , Thm 5.1], letting 

S :={geG\Jzf$^0}, (11) 

one gets 

5o = 5 M +5 M (12) 

for a short root ji. 

Lemma 2.3. A locally Lie G-torus Jzf of type A is a directed union of Lie G-tori. More 
precisely, Jzf = Ua' -^A'> where A' is a finite irreducible full subsystem of A containing a 
short root and Jzf^ is the subalgebra of Jzf generated by Jzf a for all a G A'. 
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Also, if G is torsion-free, then a locally Lie G-torus Jz? of type A is a directed union of 
Lie n-tori. More precisely, _S? = |Ja' g' -^y > where G' is a finitely generated subgroups of 
G and is the subalgebra of J£ generated by for all a£A' and g G G'. 

Proof. Since 5 = 5^ for a short root ji generates G, it is easy to check that Jz? A / is a Lie 
G-torus. Hence the statement is true since A is a directed union of finite irreducible full 
subsystems containing a short root (see [LN2, 3.15 (b) and the proof]). The second state- 
ment follows from the fact that G is a directed union of finitely generated subgroups. □ 

3. Locally loop algebras 

For any index set 3, let 

M 3 (F) = { {aij) iJe3 1 a y ef}« Map(3 x 3,F) 

be the set of all matrices of size 3, which is naturally a vector space over F. Let g\y(F) 
be the subspace of M 3 (F) consisting of matrices having only a finite number of nonzero 
entries. Then g\ 3 {F) is an associative algebra and a Lie algebra with the usual commutator 
bracket. Also, one can define the trace of a matrix in g\ 3 (F), and the subalgebra of gl^^) 
consisting of trace matrices is denoted by sl;j(,F): 

sl a ( J F) = {x£gl a (F)|tr(x)=0} 

We note that M 3 (F) cannot be an algebra, but 

M 3 n (F) := {x G M 3 (F) | each row and column of x have only finite nonzeros} (13) 

is an associative algebra with the identity matrix I = i 3 , and a Lie algebra with the com- 
mutator bracket. In fact, this gives the Lie algebra of derivations of sl 3 (,F) by Neeb [Nl ]. 
More precisely, we have 

[M 3 m (F),sl 3 (F)] C sh(F) and Der f (sl 3 (F)) ~ ad(Mij n ( J F)). 

The locally finite split simple Lie algebra of type X3 is defined as a subalgebra of 
sl3f(F), sl2a+i(F) or si23(f ) as follows: 
TypeA a : sTj(F); 

Type B a : o 23+ i(F) = {x G sl 23+1 (F) | sx = -x's}; 
Type C a : sp 23 (F) = {x G sl Z j(F) | sx = x's}; 
Type D a : o 23 (F) = {i£ sl 23 {F) \ sx = -x's}, 
where 3 is supposed to be infinite, x 1 is the transpose of x, and 

s=(l oj forB a , s= ^ forC a , on=^ ^ forD a . (14) 

Note that s G M^ n (F), and s 2 = i 23+ i for B 3 , s 2 = -i 23 for C 3 or s 2 = i 23 for T> 3 . Also, 
the B 3 , C 3 or D 3 is the fixed algebra of &\ 23 +i(F) or s\ 23 (F) by an automorphism <7, 
defined as 

a(x) = —sx'x for B3 or D 3 , and a(x) = sx'x for C 3 . (15) 

Neeb and Stumme showed in [NS | that these algebras exhaust locally finite split simple 
Lie algebras. Also, they are considered as locally Lie O-tori, which exhaust the infinite- 
dimensional locally Lie O-tori since locally finite split simple Lie algebras are centrally 
closed (see [NS|). Note that Lie O-tori are exactly the finite-dimensional split simple Lie 
algebras. Our interest in this paper is the class of locally Lie 1-tori. 
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Let F[t ±l ] be the Laurent polynomial algebra over F. We call one of the following four 
Lie algebras an untwisted locally loop algebra: 

TypeA^ : sl;j(F) ®F[f ±1 ]; 

TypeB™: o 23+1 (F) ®F[t ±l }; 

TypeC? 3 : sp 23 (F)®F[t ±1 ]\ 

TypeD^: o 23 (F) ®F[t ±l ]. 
(It is called an untwisted loop algebras if 3 is finite.) One of the following three Lie 
algebras are called a twisted locally loop algebra: 

(1) Type B 3 2) : (o 23+ i (F ) © F[t ±2 } © (s <g> tF[t ±2 }), 
where s = f( 23+1 ) is the natural 023+1 (F)-module; 

(2) Type cf: (sp 23 (F) ®F[t ±2 ]) © (s©fF[f ±2 ]), 
where s = {iG si2a(F ) | = x's}; 

(3) Type BC^: (023+1 (F) ©F[r ±2 ]) © (s ©fF[f ±2 ]), 

where s={i£ SI23+1 (F) | sx: = x's}. (It is called a twisted loop algebra if 3 is finite.) 

Note that sl2o(F) = sp 23 (F) ffis and sl 2;3 +i(F) = 023+1 (F) ffis. The Lie bracket of 
each untwisted type is natural, i.e., [x©? m ,y©?"] = [x,y] ®t m+n . The Lie bracket of type 

(2) (2) 

CX or BC 3 is also natural since 

[sP2a(^)>s] C s, [s,s] C sp 23 (F), 
[o 2 3+i(F),s] CS and [s,s]co 23+1 (f). 

Note that C 3 2) or BC 3 2) is the fixed subalgebra of s%(F) ©F[f ±: ] or sl 2 j+i(F) •S>F[t ±1 ] 
by the automorphism a defined as 

d{x®t m ):={-\) m o{x)®t m (16) 

(see (fT5ll). This construction is called a twisting construction by an automorphism a. 

12) 

For B 3 , we have 023+i(F)s C s, and so we define the bracket of 023+i(F) and 5 by 
the natural action, i.e., [x,v] — xv = —[v,x] forx S 023+1 (F) and v£s. However, there is 
no bracket on s. So we define a bracket on s so that [s,s] C 023+i(F) as follows. First, let 
(-, •) be the bilinear form on s determined by s. Then there is a natural identification 

Q23+i(F) = D s 5 := span F {D v y | v,v' £ s}, 

where D vv / G End(s) is defined by D v y(v") = (v',v")v— (v,v")v' for v" G s. Thus we 
define [v,v'] :=Z) VV /. Note that [v ,v] = — [v, v']. It is easy to check that the bracket 

[x © t 2m + v © t 2m '+\x' © t 2n + v' © f 2 "' +1 ] 

=[*,*'] ©f 2 ('"+") +D v y ®f 2 ( ffl '+ n ' +1 ) +xv'©f 2 ( m+ "') +1 -yv©f 2 ( m '+") +1 

defines a Lie bracket for m,m' ,n,n' G Z. 

There is a twisting construction for B 3 2 ' (see BN21 ), which we will discuss in Section 7, 

(2) 

but we think that the simple description of B 3 here is also important to develop the theory 
of locally Lie «-tori. 

We often omit the term 'untwisted' or 'twisted' and simply say a locally loop algebra. 

One can easily check that all locally loop algebras are centerless locally Lie 1-tori. For 
example, let A be the root system of type BC 3 , and put g = 023+1 (F) and s C SI23+1 (F), 
as defined above. Let f) be the Cartan subalgebra of g consisting of diagonal matrices. Then 
f) decomposes g into the root spaces, say g = 1) © 0^ G/ ^red 0^, and s into the weight spaces, 
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(7) 

say s = 0^ e A' V' where A' = A ex U {0} in case of A = BCi, . So the twisted locally loop 
algebra (g ® F[t ±2 }) © (s®tF[t ±2 }) of type BC^ is decomposed into 

(^)®Ft 2m )® ( 3 ^Ft 2m )(B ( Sfl ®Ft 2m+1 )\ 

meZ ^ ,uGA red /i6A Kt U{0} ' 

This gives a natural double grading by the groups (A) and Z, and one can check the axioms 
of a locally Lie torus. Also, the center of a locally Lie torus Jz? is contained in Jz?o, but 
Jz?0 = t) ®^[? ±2 ] in this example, and hence the locally loop algebra of type BC^ 2 ' is a 
centerless locally Lie 1-torus. The grading subalgebra is equal to g = 023+1 (F). We call 
the g-module s the grading module. 

Now, let Jz? = © MeA u{0} : meZ %™ and = ®mgAu{0}, meZ ^™ be centerless Lie 1- 
tori whose root systems are the same root system A extended by Z. Then there exists an 
isomorphism <p : Jz? — > ^ such that 

<p(M^) = M^ and <P(^r) = ^T for all eAandmeZ. (17) 

This can be directly proved using Gabber-Kac Theorem or repeat a similar argument in 
[ABGP]. (It was proved for the base field C in [ABGP] though.) Hence, a centerless Lie 1- 
torus is isomorphic to a loop algebra, and a Lie 1-torus with nontrivial center is isomorphic 
to a derived affine Lie algebra, which has always a 1 -dimensional center. Also, for a Lie 
1-torus Jz? = © mg au{0}, meZ -^T' 

the center of Jz? is equal to [jS? m , Jz^ m ] for any ^ m e Z. (18) 

This is easily seen from the loop realization. Also, we have 

dimVK",^-;^/ 1 if ^ islo °P (19) 

I 2 if Jz? is derived affine 



m£Z 



L[j^r,jsqr] = 

meZ 

for fieA and a central element c. 



Ffi v if Jz^ is loop 

FjX v +Fc if Jz? is derived affine 



Lemma 3.1. The center of a locally Lie 1-torus is at most 1 -dimensional. More precisely, 
for a locally Lie 1-torus Jz? = ©jieAu{0}. meZ -5?/T> 

Jz? has 1 -dimensional center Jz? is a directed union of derived affine Lie algebras, 
and 

Jz? is centerless Jz? is a directed union of loop algebras 
in the following sense: 

Jz?= (J Jz? A ', 

A'cA 

where A' is a finite irreducible full subsystem of A and J^^i is the homogeneous subalgebra 
of Jz? generated by Jz?^ for fl £ A 1 , and Jz?a' is a derived affine Lie algebra if the center of 
Jz? is 1 -dimensional and a loop algebra if Jz? is centerless. (Derived affine Lie algebras 
and loop algebras are not mixed!) In particular, dimJz?™ (so dimJz?™ = I) for all 
jLi € A and m G Z. A/so, the properties (118b 0/ f/;e center and ( 1191 ) 0/ roof vectors above 
hold in a locally Lie torus too. 
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Proof. Most of the statements follow from Lemma l2~3l In fact, Lie 1-tori are either derived 
affine Lie algebras or loop algebras, and so Jz? is a directed union of derived affine Lie 
algebras or loop algebras. Considering the loop realization of a derived affine Lie algebra, 
we find dim«5f™ = 1 for all jj. £ A and m £ Z. Moreover, suppose that C is a 2-dimensional 
subalgebra contained in the center. Then there exists a derived affine Lie algebra or a loop 
algebra containing C. But this is impossible since their centers have to be 1 -dimensional 
or zero. 

Now, we need to show that derived affine Lie algebras and loop algebras cannot appear 
simultaneously. If this happens, for example, Jz?' is a derived affine subalgebra and Jz?" is 
a loop subalgebra, then there exists a derived affine or a loop algebra containing both Jz?' 
and if" as graded subalgebras. Suppose that J2?",_S?" C j£f"' for a loop algebra Jz?'". But 
this is impossible because of the property ( fT8] l above. So, suppose that Jz?', Jz?" £ Jz?'" for 
a derived affine Lie algebra Jz?'". Then this is also impossible because of the property ( TT~9b 
above. Thus a locally Lie 1 -torus is either a directed union of derived affine Lie algebras, 
say &da> or a directed union of loop algebras, say Jz^ . It is now clear that the center of 
S£i is zero. To show the 1 -dimensionality of the center of Jz?rf a » let C be the center tri- 
dimensional) of a derived affine subalgebra of Jz? c / . For any jj. £ A and m £ Z, there exists 
a derived affine subalgebra M containing Jz?™ and C' . Considering the loop realization of 
M, we find that C' is the center of M, and in particular, [C', Jz?™] = 0. Hence C' is contained 
in the center of Jz?</ fl , and so C' is the 1 -dimensional center of Jz?^,. 

Finally, let Jz? be a locally Lie 1 -torus. Then, ( TT9b is clear. To show ( fT8l l, let Z := 
[Jz?q , Jz? ~ fc ] for 7^ & £ Z. For any z £ Z, /I £ A and m £ Z, there exists a derived affine 
subalgebra or a loop subalgebra containing z and Jz?^", and z is in the center of the subalge- 
bra (by (TT~8T > for a Lie torus above). Hence [z, Jz?//] = for all ji £ A and m £ Z. Therefore, 
Z is contained in the center of Jz?. Thus Z = or dimZ =1. If Z = 0, then there exists a 
loop subalgebra, and so Jz? — Jz?/„. Hence Z = is the center of Jz?. If dimZ = 1, then Z is 
the center of Jz? since the center of Jz? is at most 1 -dimensional. □ 

For any two elements x®t m and y <g) t" in each locally loop algebra Jz?, define the new 
bracket on a 1 -dimensional central extension 

by 

[x®f\y®t n ] := [x,y] ®t m+n + m(x,y)S m+nfi c, (20) 

where (x,y) is the trace form ti(xy), or for type By , the direct sum of the trace form and 
the bilinear form on s determined by the symmetric matrix s above. Indeed, this gives a 
central extension since Jiff is a directed union of loop algebras and Jz? is locally a derived 
affine Lie algebra, i.e., a 1-dimensional central extension of a loop algebra. 

Lemma 3.2. A universal covering of a locally loop algebra is given by ( 1201 i above. 

Proof. Suppose that Jz? is a universal covering of a locally loop algebra Jz?. We know 
that dim/rZ(Jz?) > 1 since Jz? above is a covering. So if dimZ(Jz?) > 1, then there ex- 
ists a covering Jz? ®F c\ ®Fc2 of Jz?. Let Xi,y\,... ,x m ,y m ,ui,vi,. . -,u n ,v„ £ Jz? be such 
that Y!"=i [xiiyi] = c i an d LJLi [ u ii v i] = c 2- Let Jz?' be a loop subalgebra of Jz? containing 
Xi,yt,Uj,Vj for 1 < i < m and 1 < j < n. Then Jz?' @F c\ ®Fc2 is perfect, and so this is a 
covering of Jz?'. 
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Now, a universal covering of a loop algebra has the 1 -dimensional center, and so this is 
a contradiction. Hence, dimZ(Jzf ) = 1. But then it is clear that Jzf = Jzf since the unique 
morphism from Jzf onto Jzf has to be one to one. □ 

Remark 3.3. By Lemma lXTl a locally Lie 1 -torus has at most 1 -dimensional center. Thus 
if one shows that Jzf is a locally Lie 1-torus, then we also get a proof of Lemma [3T2l In 
fact, Neher showed that a universal covering of a locally Lie torus is a locally Lie torus in 
general (see HNe3l and BNe4ID . 

We now classify locally Lie 1-tori. The method we use here comes from [NS]. Namely, 
we will show that there is only one locally Lie 1-torus for each reduced root system ex- 
tended by Z. Root systems extended by Z are known in IY1I Cor. 10, 12]. (There are more 
general results in BLN2I .) Here is the list of all reduced root systems extended by Z of 
infinite rank, writing Ax for {5^}^ e A- 

A a x Z, B a x Z, Ca x Z, D a x Z, 

((B 3 ) sh x Z) U ((B 3 ) lg x 2Z) , ((C a ) sh x Z) U ((Qr)i g x 2Z) , 

(((Bc[, 2) ) sh U (B4 2) ) lg ) xzju ((Bc|, 2) )ex x (2Z+ 1)). 

Note that these 7 systems are exactly the root systems of locally loop algebras introduced 
above, and so we label each system by 

aW rM rW n W r< 2 > rP) nr' 2 ' 

We also use the label for the root system as the type of a locally Lie 1-torus. 

Now, first we show the following lemma when A is finite. Suppose that II C A is an 
integral base, i.e., A C (n) and n is linearly independent in the vector space which defines 
A. 

Lemma 3.4. Let Jzf = 9) j[16 Au{0},»»eZ -^T an d ^ — ©jieAu{o}.«ieZ be centerless Lie 
1-tori of the same type A. Let II be an integral base of A containing a fixed short root VGA. 
Let O^x^e Jzf ° and O^y^e ^jlfor each fiell. (Note II C A red .J Also, let Q^xE Jzf v ' 
fldrfo^ei} (S v = z since V is short.) Then there exists a unique isomorphism yf 
from Jzf onto ^# such that y/(x) = y, = U f/ and ^{xp) — y^for all /i 6 IT. 

Proof. By (fTTT i above, there exists an isomorphism <p : Jzf — > ^# such that <p(/z^) = 
jl^g and ^(Jzf^") = JKn for all jii G A and m G Z. Hence we have y — a(p(x) and y^ = 
a)i(p(xn) — for some a and a^ G F x . Let / : (YT)z x Z — > F x be the group homomorphism 
of the abelian groups defined by /(/x,0) = a^ and /(0, 1) = a. Let Df be the (diagonal) 
linear automorphism on ^ defined by Df(y) = f(jx,m)y for y G Then Df is an 

automorhism of the Lie algebra. Indeed, DyQy,/]) = f(jj,+jj,',m + m')[y,y'] — f((jj,,m) + 
(H',m'))\y,y'}=f^,m)f(n',m')\y,y'] = \f(n,m)y,f(n' ,m')/] = [D f (y),D f (y')] fory G 
and y' G jtfjy . Hence l// := Df o q> is the required isomorphism. 
For the uniqueness, note first that such an isomorphism is unique on Jzfr v ' and Jzf ^ for 
all fx G n since [JzfJ , JzfjJ] = Fv y (since Jzf is centerless) and [Jzf°, Jf^J = F/i v . Thus 
it is enough to show that Jzf is generated by Jzfy, JzfTv and Jzf^ for all fj, G IT. But by 
a standard argument (or see JStJ Prop. 9. 9]), Jzf (= the finite-dimensional split simple Lie 
algebra q) is generated by Jzf °„ for all fl G II. Then one can choose a root base of A so that 
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V is the negative highest short root. Using the affine realization of Jzf , it is clear that Jzf is 
generated by = g, JzfJ and JzfjJ . □ 

Now we can prove that there is a one to one correspondence between the class of center- 
less locally Lie 1-tori and the class of reduced root systems extended by Z, and that locally 
loop algebras exhaust all centerless locally Lie 1-tori. Note that this method works for any 
cardinarity of A. 

Theorem 3.5. Let Jzf = ©^gAulO} ®mez -S^T be a locally Lie 1 -torus of type A. Jzf is 
centerless, then Jzf is graded isomorphic to the locally loop algebra of type A, and if Jzf has 
the nontrivial center, then Jzf is graded isomorphic to a universal covering of the locally 
loop algebra of type A given by d20t . 

Proof. Note first that we already know this theorem for Lie 1-tori, i.e., the case where A is 
finite. Also, it is enough to show the case where Jzf is centerless (see Lemma [3J2l ). and so 
assume that Jzf is centerless. Let ^ = ®^gAu{0} SWz be a locally loop algebra of 
type A. Also, let A = {S m } mg a- 

Fix a short root v, and let ^ x E JzfJ and ^ e v eg) t E JK^ . (S v = Z since v is short.) 
Let II be an integral base of A containing v. Let O^iji £ JzfJ and ^ ® 1 e for 
each n E IT (Note II C A red .) Then we claim that the map y/ : i-> /i^ and x^ i-> (g> 1 
for all fiell, and jc i-> e v ® f extend an isomorphism from onto Indeed, let T C II 
be a finite irreducible subset containing v, then F is an integral base of the irreducible root 
system Ap : = A n (r) . 

Let Ap = {Sfj }fieA r ^ e the root system extended by Z. Let Jzfp be the subalgebra deter- 
mined by Ar, i.e., the subalgebra of Jzf generated by for all jj. E Ap and m E Z, which 
is a centerless Lie 1 -torus of type Ap (see Lemma [3Tl i. Similarly, let jM\ be the subalgebra 
of ^ determined by Ap. Then by Lemma [3~4l there exists a unique graded isomorphism 
y/p from Jzfp onto ./#p such that ^(x/j ) = <E> 1 for all fi E T and x H> e v ® t . 

Suppose that Ti , T2 C II are finite irreducible subsets containing v so that Jzfr ( C Jz?r 2 ■ 
Then the uniqueness of the isomorphisms y/n an d Wr 2 implies that they agree on izfr, • 
Since Jzf is the directed union of the subalgebras Jzfp (r C II is a finite irreducible subset), 
one can define an isomorphism y/ : Jzf — > ^ be yi(x) = yr( x ) forx E Jzfr. which has the 
required properties. □ 

Note that we defined in ( f20l > the Lie bracket of a universal covering of a locally loop 
algebra, using a symmetric bilinear form (•, •) on a locally loop algebra. More precisely, 
one can write (•, •) = tr(-, •) ®e(-, •)> where e(t m ,t n ) — 8 m+n Q. In fact, it is easily checked 
that this form is invariant, graded (as a form of a Lie torus), and nondegenerate. We simply 
say a form for a symmetric invariant graded bilinear form on a Lie G-torus. We will use 
the following lemma later: 

Lemma 3.6. There exists a nonzero form on a locally Lie l-torus. Also, such a form is 
unique up to a nonzero scalar. In particular, a form of a locally loop algebra is equal to 
c(-, •) for some c E F, where (•, •) is used in (I201l . 



Proof. Only the uniqueness part is not clear. But such a form is unique up to a scalar for a 
Lie l-torus (see for example, [Y2|). Thus it follows from a local argument since a locally 
Lie l-torus is a directed union of Lie 1-tori. □ 
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4. Locally affine Lie algebras 

Let us recall locally extended affine Lie algebras (cf. [MY]). A subalgebra 3V of a Lie 
algebra Jz? is called ad-diagonalizable if 

where ,3V* is the dual space of ,3V and 

J2? { = {jc e JS? | [A,jc] = 4 (h)x for all G JT}. 

This decomposition is sometimes called the root space decomposition (of Jz? with respect 
to an ad-diagonalizable subalgebra ). Note that an ad-diagonalizable subalgebra JsriP is 
automatically abelian. To confirm it, we need the well-known fact that every submodule 
of a weight module is also a weight module. One can use a common trick for the proof as 
for example, in [MP, Prop. 2.1], but they assume 3V to be abelian. To make sure that this 
assumption is unnecessary, we prove this here. Namely, in this case, we obtain 

where — Jz?^ n Jrff. Let us suppose JV ^ ® ■ Then, there exists x £ Jf? such 

that x can be written as x = x\ H \-x„ with n > 1 satisfying x,- £ Jz?£. \ Jf for all i. Take 

x G Jf? among all such elements satisfying that n is minimal, and choose h £ JV such that 
^ Then, x' := ad /i(x) - & (h)x = (&(h) - & {h))x 2 + ••• + (§„ (A) (h))x n £ 

J$f. This contradicts the minimality of n. Hence, actually we have = ®^j^>*,3^. 

Now, suppose h£j#l and ti £ Jt%,. Then, [h,h'\ = £,'(h)ti = -%(ti)h. Hence, if 
h and are linearly independent, then [h,h'] = 0. Also we see [h,h'] — if they are 
linearly dependent. This means that Jif is always abelian. In particular, Jf — JZq C Jz?o = 

An element of the set 

R = G JT* | JS? ? ^ 0} 

is called a root. 

Let Jz? be a Lie algebra, Jf a subalgebra of Jz? , and ^ a symmetric invariant bilinear 
form of Jz? '. A triple (Jz?,^,^ 1 ) (or simply Jz?) is called a locally extended affine Lie 
algebra or a LEALA for short if it satisfies the following 4 axioms: (We will explain what 
is R x later.) 

(Al) Jff is ad-diagonalizable and self-centralizing, i.e., Jz? = 0^ G jjf*-S^ and J%? = 
(A2) S3 is nondegenerate; 

(A3) adx G End f Jz? is locally nilpotent for all B, £ R x and all x G Jz?^, 
(A4) R x is irreducible. 

Moreover, 

(i) If ^f 7 is finite-dimensional, then Jz? is called an extended affine Lie algebra or 
an EALA for short. 

(ii) If R x = 0, then (3?,Jf,M) is called a null LEALA (or a null EALA if J4? is 
finite-dimensional) or simply a null system. Note that if R x = 0, then the axioms 
(A3) and (A4) are empty statements. 
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Now, using (Al) and (A2), we find that ^_sr ? xjz?_| is nondegenerate for all 4 G R. In 
particular, 

£§j^ x jlf is nondegenerate. 

Claim 4.1. Foreacht, G R, there exists a unique t^ G M' such that SS{h,t^) — £,(h) for all 
/iGJf. 

Proof. By the nondegeneracy of SS^ X ^_^, there exist x G an d y e sucn tnat 
^(jc,)-) = 1. Let f£ := [*,y] G Then 

^(V{)=^(A,M) = B([MoO = S(A)#(*oO = $(A) 
for all h G The uniqueness of t^ follows from the nondegeneracy of <S^»xjf • □ 
Thus there exists the induced form on the vector space spanned by R over F, simply 
denoted (•,•). Namely, 

($,tj) 

for 4 , 77 G fl. 

Now we call an element of 

fl x := {4 (4,4)^0} 

an anisotropic root. Thus the meaning of the axiom (A4) is that R x = R\ UR2 and 
(R h R 2 ) =0 imply R^ =<doiR 2 = 0. 

Remark 4.2. We occasionally assume R x ^ for a LEALA or an EALA (i.e., excluding 
null systems) without mentioning if it is clear from the context, for example, an occasion 
when we say an anisotropic root of a LEALA or an EALA. In fact we assume R x ^ 
through out the paper. 

Remark 4.3. We note that there was one more axiom for a LEALA in MMYL but it turns 
out that the axiom is unnecessary by Claim |4~Tl above. 

We say that a triple is called admissible if it satisfies (Al) and (A2). A 

fundamental property of admissible triples is the following: 

Lemma 4.4. For | g R and all x G Jz?£ and y G J£?_£, we have 

ky]=&(x,y)ts. (21) 

Proof Let/i:= [x,y]-&(x,y)t$ G Jf. Then for all h! G ,3>f, we have £§(h,h') = S$(x, [y,h']) — 
3S{x,y)3S{t^,h') = 38{x,y)E,{h') - &{x,y)%{W) = 0. Hence, by the nondegeneracy of 
^jtxM 1 , we get h = 0. □ 

We can and do scale the above form (•, •) by a nonzero scalar so that (§,Tj) G Q for all 
4 , T7 G /? x . Let V be the Q-span of R, say 

V := spanQ^. 

We showed the Kac conjecture in [MY Thm 3.10] that 

the scaled form (-, •) on V is positive semidefinite. (22) 

As a corollary, (W,R X ) becomes a reduced locally extended affine root system, where 
W = span Q /? x (see llMYl §4] and [Y3|). We simply call R the set of roots, but call R x a 
locally extended affine root system, say a LEARS, because R x is a natural generalization 
of classical (locally finite) irreducible root systems, affine root systems in the sense of 
Macdonald |Ma| or extended affine root systems in the sense of Saito [S ]. We do not recall 
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the definition of LEARS here because we do not need it in this paper. The reader can find 
the precise definition in IIY3I . 

The dimension of the radical of V is called the null dimension for a LEALA. If the 
additive subgroup of V generated by 

R°:={^R\^^) = 0}, 

the set of isotropic roots or null roots, is free, we call the rank the nullity of a LEALA. 
Thus we only use the term nullity when (R°) is a free abelian group. So if we say that a 
LEALA Jzf has nullity, it means that (R°) is a free abelian group. (In BMY1 . we used the 
term null rank for nullity, and nullity for null dimension. But we change the names to be 
consistent with the notion of nullity in [Ne2|.) 

The core of a LEALA «5f , denoted by Jz? 6 , is the subalgebra of Jz? generated by the root 
spaces «5? a for all a G R x . (j£f c becomes an ideal of Jzf.) If the centralizer of «5f c in Jz? is 
contained in ££ c , then J>f is called tame. Note that there is no core for a null system, and 
so there is not a concept of tameness for a null system. 

Now, since (W,R X ) is a reduced LEARS, there exist a locally finite irreducible root 
system A and a family of subsets {5^}^ g a of radVK (the radical of W) indexed by A so that 

R*= (J Gu+S M ) 

and {SujjjgA i s a reduced root system extended by G = (U^ g a Sp) (see [|MY]). Note that 

mdW = (mdV)nW. 
For each fteA and g e G, if g € S^, let 

(-^e)jU := -^-c l~l Jz?ji+g, 

and if g ^ 5^, let (-S? c )u := 0. Then one can easily show that 

-^c = (J) (J) (-2e)fi! 

/iSAU{0} gGG 

where (jSf c )g := £ MGA £ ?=A+A [(jg? c )* , (jSf c )* M ], and that 

_£f c is a locally Lie G-torus of type A, (23) 

or more precisely, type 
Also, letting 

|iGAU{0} 

we get a G-graded Lie algebra 

gee 

Here we give a couple of definitions about graded algebras in general. 
Definition 4.5. Let V be a vector space over Q, and G an additive subgroup of V. Let 

4/ = ^* 

geG 

be a G-graded algebra. Define a linear transformation c/, on si by 

di(a g )=gia g 
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for a g € &/ 8 , where gt is the /-coordinate of g obtained by a fixed basis of V. Note that di 
depends on a basis of V. Then di is a derivation of gf, for we have 

di{a g a h ) = (gi + hi)a g a h = gia g a h +hja g a h = d(a g )g h + a g d(a h ) 

for a/, € si h and /igG. We call each di an z'-th coordinate-degree derivation. 
If dim/7 V = 1, then d\ is simply called a degree derivation. 

Now for a LEALA, we define a special type. 

Definition 4.6. If a LEALA ££ contains all coordinate-degree derivations acting on the 
G-graded core, then _S? is called standard. 



We classified LEALAs of nullity in [MYj Thm 8.7]. We describe the tame LEALAs 
of nullity in a slightly different way from the description in [MY |: 

Let M := My{F), M 2 j+\ (F) or M2^(F) be the space of matrices of an infinite size 3, 
23 + 1 or 23, respectively, and T-j, T^j+i or ^3 the subspace of M consisting of diagonal 
matrices. Let T' be a complement of Fi in 7j, where I = ly is the identity matrix so that 

T-j =T'®Fi. 

Then the following is the list of maximal tame LEALAs of nullity 0: 

• Type A3: 

slj(F) + T' with a Cartan subalgebra T' (24) 

(note that T' is not unique), 

• Type B3: 023+1 (F) + T + with a Cartan subalgebra T + , where 

T + := {x e T 2 3+i I sx = -xs}, 

• Type C3: sp 2 j(f ) + T + with a Cartan subalgebra T + , where 

T + := {.x € I SJt: — 

• Type D3: 023(F) + T + with a Cartan subalgebra T + , where 

T + := {x € T23 I ix = — xs}, 

and each matrix s is the same s defined in (TT~4-b . 
We note that Ft is the center of slj(F) + T, and that 

sb (F) + r' = (sij(F)+r)/Fi 

for any T'. 

As in the case of locally finite split simple Lie algebras, each of type B3, C3 or D3 is 
the fixed algebra of SI23+1 (F) + 723+1 or sl23(F) + 723 by the automorphism a defined in 
( TTBI l. This is the reason why we wrote T + since this is the eigenspace of eigenvalue +1 of 
a. We will write the eigenspace of eigenvalue — 1 of a as T~. 

Any subalgebra of a maximal tame LEALA of nullity containing each locally finite 
split simple Lie algebra is a tame LEALA of nullity 0. Namely, let S£ be a tame LEALA 
of nullity 0. Then 

• Type A3: sl 3 (F) cif C sl;j(F) + T' with a Cartan subalgebra Jz? R T', 

• Type B3: 023+1 (F) ci*C 023+i(F) + T + with a Cartan subalgebra Jz? n T + , 

• Type C3: sp 2 3(F) C Jz? C sp 23 (F) + T+ with a Cartan subalgebra if n T+, 

• Type D a : 023(F) C I£ C 023(F) + T+ with a Cartan subalgebra if n T+. 
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We observe more carefully. Set 

= {d G T 3 I d is almost scalar } 

i.e., d has the same diagonal entries except finite numbers of diagonal entries. Clearly T^ s 
is a subspace of Mj{F). 

Lemma 4.7. Let f) be the diagonal subalgebra of sFj(F). Then, we have 

Tj = f) ©Ft ®Fejj, (25) 

where ejj is the matrix in (F) that the ( ;', j)-entry is 1 and all the other entries are Ofor 
any fixed index j G 3. In particular, we have 

gl^F) = S h(F)®Fe n 

for any j G 3. 

Also, let I be any finite subset of 3, and 1/ := Y,iei e n- Then we have 

= t)i®Fi I ®T$, (26) 

where h/ is the subspace of I) such that all {k,k)-components for k G 3 \ 7 are 0, and Tffij 
is the subspace ofT^ s such that all (i, i)-components for i G I are 0. 
Moreover, we have 

7j = f) / ©Fl / e7b v , (27) 
where T^w is the subspace ofTj such that all (i, i)-components for i G I are 0. 

Proof. It is clear that 7^ s D f) ©Fl (BFejj. For the other inclusion, let x G TJj s . Then there 
exists a G F such that y := x— al G 7j fl gig (F). Hence y — y — tr(y)eyy + tr(y)ejj and note 
thath:=y-tr(y)ejj G h. Thmx = h + al+tx(y)ejj G hffiFi ©Feyy. 

For the second decomposition, we have Tff 1 = 7} © 7^, where 7} is a subset of 7^ such 
that all (k, fc)-components for k G 3 \ I are 0. But then it is easy to see that 7} = h/ © Fl/. 
The last decomposition is now clear. □ 

Now, we did not mention about the defining bilinear form SB of Jz? in general. As it was 
described in BMYI . one can state as follows: 
Let g be 

sl 3 (F), o 2 a+i(F), sp 23 (F) or o 23 r(F), 
which is the locally finite split simple Lie algebra contained in Jzf , as defined above. The 
restriction SB^> X0 of our SB is a nonzero scalar multiple of the trace form, and the rest of 
part can be any symmetric bilinear form. 

In fact, we did not clearly say the reason in IMYI why the restriction SBjf X0 of SB is a 
nonzero scalar multiple of the trace form. But this follows from the perfectness of g and 
the invariance of SB. We summarize this phenomenon in a slightly general setup. Let us 
call a symmetric invariant bilinear form simply a form for convenience. 

Lemma 4.8. Let L be a Lie algebra with a certain form B and let q be a perfect ideal of 
L. If any form ofg is equal to B' := B | gX g, up to a scalar, then any invariant bilinear form 
on L X Q or on Q x L is equal to B \lxq or B \ gX L, up to a scalar. 

Proof. Let E be an invariant bilinear form onixg. Forx G L andy G g, since y = Ej[z<i,v;] 
for some k,-, V; G g, we have 

E (x, y ) = E (x, £ [ui , vi] ) = c £ B' ( [x, Ui] , = c £ B ( [x, «,•] , v f ) = cfi (*, £ [k; , v,-] ) = cB(x,y) 
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for some c G F. One can similarly prove the desired result for gxL. □ 

Recall the Lie algebra 

Mj n (F) ={i£ My(F) | each row and column of x have only finite nonzeros}, 

which can be identified with the derivations of glj(F) (see UN II ). One can extend each 
automorphism a onM^(f ), where A = 23 or 23 + 1. Thus each locally finite split simple 
Lie algebra g := sl$(F) ff is a perfect ideal of each M^(F) C . 

Lemma 4.9. Let L be any subalgebra of M^ n (F). Let M be any subalgebra of gLj(F). 
Then one can define the trace form tr on L x M and M x L, and this tr is invariant. 

Hence if L contains slg(F), then any invariant bilinear form on L x slj(F) or on 
813(F) x L is equal to ctrfor some c G F. 

Moreover, ifL is a subalgebra of M i ^{F) a containing q = sl^(F) a , then any invariant 
bilinear form on L x q or on q x L is equal to ctrfor some c G F. 

Proof. Since xy G glj (F) for x G L and y£M, the trace form tr(xy) is well-defined. Thus 
we only need to show the invariance, i.e., tr([A,B]y) = tr(A[Z?,y]) for A,B G L and y G M. 
But it is enough to show this fory = (the matrix unit of (i, j) -component). Let A = (a mn ), 
B = (b mn ) and C = (c mn ) = [A,B]. Then, c mn = Y.k{a m kbkn ~ b mk a kn ) and tr([A,B]y) = 
tr((c mn )e i y ) = Cji = Y.k {ajkbki - b jk a ki ) and tr (A [B,y}) = tr( (a mn ) ( £ m b mi e m ; - E„ & jnein ) ) = 
Y,k( a jkbki — o-kib jk)- Therefore, the trace form is invariant. One can similarly prove the case 
for M x L. 

By |NS Lem. 11.11], any form on si3(F) is equal to ctr for some c G F x . Thus the 
second and the last statements follow from Lemma [4~8l since slj(F) or g is a perfect ideal 
of L. □ 

Suppose that 5$ is a symmetric invariant bilinear form on 

J? 3 :=sh(F) + Tj. 

Then, by Lemma l4~8l the restriction of 33 to .-#3 x slj(F) or slj(F) x ^3 is equal to 
ctr for some c G F. We claim that such a form 33 does exist. For this, we choose any 
complement T' of f) in T, i.e., 

T =T'©h. 

Let 

y.T'xT' — > F 

be an arbitrary symmetric bilinear form. We now define a symmetric bilinear form 33 on 

^#3 as 

@{x,y) = w(x,y) 

on T', and ctr on ^#3 x si3(F) and sl;j(F) x ^#3. To show that 33 is invariant, we prove 
the following. 

Claim 4.10. Let i£l\Fi ana? y# G SI3 (F) /or A; = 1,2, . . . , r. Then there exist a finite 
subset I of 3, ^ h G f) and g G !T smc/z thaty k G sli(F) for all k, and h G h/, 

x = h+g, [x,y k ] = [h,y k ] and M(x,y k ) = 33(h,y k ) 

for all k. Moreover, there exist y G sl3(F) and h' G f) smc/z f/;af ^ one/ 

®(x,h')^0. (28) 
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Proof. Let / be a finite subset of 3 so that y# G sl/(F) for all k. Moreover, if the / x /-block 
submatrix of x is a scalar matrix, then we enlarge / until the / x /-block submatrix of x 
is not a scalar matrix. For such /, by (l27l i in Lemma |4~71 there exists ^ h G h/ so that 
x = h + bli+x 1 for some b G F and x' G 7jy. Put g := bi[ +x'. Then clearly [^yt] = 0. 
Also, we have 38{g,y^) — ctx{gy^) = cb\x{y^) = since tr(yj.) = 0. 

To show the second statement, it is enough to choose y G sl/(F) and h' G f)/ such that 
[h,y] ^ and tr(M') ^ 0. □ 

We now prove that 38 is invariant. It is enough to consider the case involving some 
elements in T'. Since T' is an abelian subalgebra, the case involving three elements in T' 
is clear. 

For the case involving one element in T' , let x G T' and y,z G SI3 (F). Then it is enough 
to show that 

38([x,y],z)=38{x,\y,z}). 
If x G Fi, then both sides are clearly 0. Thus, by Claim l4~Tol one can change x into h for 
y and [y,z] so that ^([x,y],z) = 38([h,y],z) and [y,z]) = 38(h, [y,z]). Thus it follows 
from the invariance on sl3(F). 

The case involving two elements in T' can be shown similarly. Let x,y G T' and z G 
slj (F). Then it is enough to show that 

38(x,\y,z})=0 and 38([x,z],y) = 38{x, [z,y]). 

Again, if x or y G Fi, then both sides of both equations are clearly 0. Thus, by Claim l4~T0l 
the left-hand side of the first equation is equal to 38(h, [h ! ,z]) for some h,h! G f)/, and this 
is equal to by the invariance on sFj(F). For the second equation, change x into h for z 
and [z,y] so that (LHS) = 33{[h,z],y) and (RHS) = 3§{h, [z,y]). But then these are equal 
by the case involving one element above. Thus we have proved that the symmetric bilinear 
form 38 is invariant. 

Moreover, the radical of 38 is contained in Fi whenever the restriction to slj(F) is not 
zero. In fact, this follows from [MY Lem. 8.5] since the center of ^#3 is equal to Fi. Or 
one can directly show this. Let us first mention the graded structure of ^#3. 

Let q := slj(F) and let q = f) © (0^ga 3 cIj* 0m) ^ e tne ro °t-space decomposition of q 
relative to f). We extend each root jx G h* to an element in T* as follows. 

Let A3 = {±(e,- — £/) I i,j G 3}, where e ; - is the linear form of glj(F) determined by 
e^i i-4 diAi- Since an element p 67 can be written as /? = diag(a,,), G 3, one can define 
£i(p) = an. In this way one can embed A3 into T*. Thus ^ :— .4^3 has the root-space 
decomposition 

relative to T, where = for jx ^ and = T, and = if ll ^ A3. This is 
an (A3)-graded Lie algebra, and 38 is graded in the sense that 38{^^ 1 ^ T i) = unless 
^ + 77 = for all <^,tj G A3. In general, a symmetric invariant bilinear form on a Lie 
algebra having the root-space decomposition relative to a subalgebra is graded. 

In particular, the radical of 38 is graded. Thus one can check the nondegeneracy for 
each homogeneous element. The elements of degree fi G A3 cannot be in the radical by 
Lemma |4!9l For the elements of degree 0, only candidate is an element in Fi by d28l . 
Therefore, we have: 



Lemma 4.11. The radical of 38 is equal to Fi if 38(l,l) — 0, and 38 is nondegenerate if 
38(1,1)^0. □ 
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Thus for any symmetric bilinear form y/ on T' with the radical Ft, the quotient Lie 
algebra ..#3 /Ft with the induced form B is a LEALA of type A3 of nullity 0. Note that 
jM^jFl is isomorphic to ^#3 := sLj(F) © T" , where T" is a complement of f) ©F l in 
Ty, Conversely, if y/ is any symmetric bilinear form on T" , one can define a symmetric 
nondegenerate invariant form SS' on M'^ as above, and ^#3 is isomorphic to some ^#3 /Ft 
choosing some T' and By a similar argument, one can say that a LEALA of type A3 of 
nullity is isomorphic to a subalgebra of ^K^/Fi containing slj(F) = (slj(F) +Fi)/Fi 
with the induced form B. 

Example 4.12. The centerless Lie algebra g^(F) = slg(F) ®Fejj is an example of a 
LEALA of type A3 of nullity 0, where ejj is the matrix unit for j G 3. On the other hand, 
gl„(F) = sl„(F) ®Fejj has the center FI, where / is the identity matrix on gl„(F), and this 
is a non-tame EALA of nullity 0. 

Suppose that SS is a nondegenerate form on gl 3 (F) . Then SB is a nonzero scalar multiple 
of the trace form except on Fejj x Fejj, by Lemma l4~9l Conversely, one can take any value 
to S§(ejj,ejj), and extend a nondegenerate form SS to g^F). 

For the finite case gl„(F) = sl/(F) ©Fe ; - ; -, suppose that 03 is a nondegenerate form on 
gl„(F). Since rad03 is in the center of gl„(F) (e.g. BMYI Lem. 8.5]), we have that 03 is 
nondegenerate 03(7,7) 7^ 0. We claim that this is equivalent to 

n - 1 

^(ejj.eii! ■ ('— — . 

In fact, consider the expression 7 = 7 — nejj + nejj, noting that tr(7 — nejj) = 0. Since 
x := 7 — nejj E SI3 (F), we have 03(7,7) = 03 (x + nejj,x + nejj) = 03 (x,x) +2«03(x,e ;; ) + 
n 2 03 [e jj , ejj ) = c tr(x 2 ) + 2nc tr(xejj )+n 2,; B(ejj, ejj ) = c tr(7 — 2ne < ,• + n 2 ejj ) + 2nc tr(ejj — 
nejj)+n 2( B(ejj,ejj) = c(n - 2n + n 2 ) + 2«c(l - n) +n 2< B(e n ,ejj). Hence, 03(7,7) = if 
and only if n 2 03(e ;; -,e // ) = c(n 2 — n), and so our claim is proved. 

Remark 4.13. In the classification of tame LEALAs of nullity of type A3 in BMYI . we 
chose sl3(F) © T'" for a complement T'" of T^ s in as a maximal one. But in fact, a 
subalgebra of a bigger Lie algebra sl;j(F) © T" defined above is also a tame LEALA as 
gl 3 (F) is so. 

Now we observe the forms on the other types B3, D3 and C3. Let SS be a symmetric 
invariant form on 

^ = sU(F) + 7>, 

so that the restriction to sl^(F) is not zero, where & — 23 or 23 + 1. Let „#f be the 
fixed algebra by the automorphism o defined above with the restricted form S§° . Then the 
restricted form is still invariant, and by Lemma |4~9l the restriction to sl$(F) a is equal to 
ctr for some c e F x . 

Moreover, SS° is nondegenerate. This follows from [MY, Lem. 8.5] since has the 
trivial center. One can also show this using the following lemma similar to Lemma 14.71 
(As we mentioned already, T + — T° means the eigenspace of eigenvalue +1 of <7, and T 
means the eigenspace of eigenvalue —1 of a.) 

Lemma 4.14. Let I be any finite subset of 3 and fix some index i'o G 7. Then we have 
T+ = h+ © T+ A2I and = © F(e ioio + e J+kt j +io ) © T^, 
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where \) 2I or h 2/ is a subset of h + or t) such that all (k, k) and (3 + k, 3 + k) components 
for k G 3 \7 are 0, and ZjL^ or ^23\2/ ^ s a subset °f^23 or ^23 smc/z f/zof (/,/) ant/ 
(3 + 3 + /) components for i G 7 are 0. 
A/so, we have 

T 23+i = §11+1 ® r (23+l)\(2/+l) fl "^ r 2a+l = &27+1 ® ^23+1,23+1 © 7 (23+l)\(2/+l)' 
w/iere f)2/+i or f>2/+l ' s a subset of \) + or h~ rac/i f/iaf (£,£) ana? (3 + fc,3 + £) components 
for all k G 3 \ I are 0, awt/ ^(Ja + 1 ) \ (2/+ 1 ) or ^(2a+i)\(2/+i) JS a subset of T 2 \ s+ ^ or T^a+i iMC ' 1 
f/iaf f/ie (23 +1,23+1) component and (/, ;) and (3 + /, 3 + i) components for all i G I are 
0. 

Moreover, we have 

T 23 = t)2 I ®Fl 2I ®T- A2I and r 23+1 = f) 2/+1 ®Fl 2I+l © ^ ( 2a + i)\(2/+i)- < 29 > 



Proof. It is enough show d29t . For this, we show the two equalities 

T 2I = b2I® F ( e kk+ e 3+io,3+k) and T 2I+l = h 2/+l ©^23+1,23+1, 

where 7^ is a subset of 7^ such that (/, i) and (3 + /, 3 + i) components for all i G 3 \7 are 
0, and T 2l+ j is a subset of T^.j such that (i, i) and (3 + /, 3 + /) components for all / G 3 \ 7 
are 0. But as in the proof of Lemma l4.7l fory G T 2I or T^ +l , they follow from the equation 

J = >'-^tr(y)(e io/o +e J+1 - 0) 3 +/o ) + ^ tr(y) (e,- ,- +e a+ ,- , 3+ ,- ) 

or 

y = y- tr(y)e 2 3+i,2a+i + tr()0 e 2J+l,23+l ■ 
Hence ([29) holds. □ 

Corollary 4.15. Let x G T + or x G T \ Fi. Then there exists some ^ h G h swc/z f/iaf 

Proof. By d29l in Lemma |4T4l there exist a finite subset 7 C 3 and ^ h! G or h^.j so 
that x = h' + bl2i +X 1 or x = + bi 2 j + \ + x' for some fcgf and x' G T 2 y\2i or 7 23+1 ^ 2/+1 
(since x ^ Fi). Since the trace form is nondegenerate on or h 2/+1 , one can choose 
h G hfj or t)f I+1 so that tr(h'h) ^ 0. Then we have 38{x,h) = tv(ti h) + btx(h) +ix(x' h) = 
tr(h'h) / (since x'h = 0). □ 



By Corollary 14.151 about T + , we also see that SS C is nondegenerate. (We will use 

'a 



the result about T later.) Moreover, the restriction of 3§ c to any subalgebra <5f of ///G 



containing sl^T 7 ) a is still a nondegenerate form. 

Conversely, let U be a complement of i) a in J;? P\T a , and <p an arbitrary symmetric 
bilinear form on U. Then one can extend <p to a nondegenerate form on , using Lemma 
14. 141 (or embeds Jz? into and Corollary 14. 151 again. Consequently, one can say that 
a LEALA of type X3 ^ A3 of nullity is isomorphic to a subalgebra of containing 
sl.s(7T. 

The next interesting objects are LEALAs of null dimension 1. In fact our purpose of 
the paper is to classify tame LEALAs of nullity 1 . 

Definition 4.16. We call a tame LEALA of nullity 1 a locally afflne Lie algebra or a 
LALA for short. 
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Before giving examples of LALAs and classifying LALAs, we prove a general property 
about R° for LEALAs. For this purpose, we review some properties (which we need) about 
{S)i}^eA- Fi rst one can show that = S v if jl and v have the same length for jl, v £ A. 
Let S = Sp for a short root jl. Then S contains all S v , and S satisfies £ S and 2S — SCS. 
Also, S spans radW (see [Thm 8, Y2]). 

Lemma 4.17. Let Jzf be a LEALA. Then S + S C R°, and S + S = R° if is tame. If Jzf 
has nullity, then (nullity of JC) = (null dimension of Jzf). 

Proof. The first statement follows from dT~2T > in §1, but we show this for the convenience 
of the next statement. Let s,s' £ S. Then ^ and ^n+s 1 f° r M € A s /„ and 

[Jzf-ji + s ,J^f 1+s i] ^ 0, by sl2-theory. (Consider the sl2-subalgebra generated by Jzfj,_. v and 
-Sf-ju+s, and act it on Jzf M+J '.) So ^ [jSf-^+j, Jzfft+j'] C J2? J+J > and hence s + s' £ Thus 
S + S£fl°. 

Suppose that J*f is tame. Let c £ R°. If a + a £ R for all a £ /? x , then Jzf CT centralizes 
the core, and so Jz?<r is in the core. Thus Jzf CT = L^a, j+/=tr[-^M+sj-^'-/i+i']' an d so <7 = 
s + s' for some s,s' £ — S-^ C S. (We get <T = s + s' here which is our need. But this 
case does not occur as in the following argument.) But then ^ Jtfp+s — -^pL-s'+o' an d 
^ Jzf^-j' since — s' £ 5^ . Therefore, ji—s' + oeR with ji~s' £R X , contradiction. Thus 
there exists a ER X such that a + a £ R. (This property is often said that a is nonisolated. 
So we have shown that any isotropic root is nonisolated if Jzf is tame.) Note that a = jl +s 
for some jl £ A and s £ S. Hence s + a £ S, and so C£5 — 5 = 5 + 5'. Thus S + S = R°. 

For the last statement, it is enough to show that radV C V° := spanq,,/? . (The other 
inclusion is clear.) Since V = W + V° (where W — spanQ^ x ), it is enough to show that 
(radV) (~l W — radW £ V°. But this is clear since radW = spanq^. □ 

Note that if we put 

R° c :={8eR Q \^ s nX:^0}, 
then O in §2 means that we always have 

R° C =S+S. (30) 

Remark 4.18. There are notions of null dimension and nullity for LEARS (W, R x ). Namely, 
(null dimension of R x ) := dimradW and (nullity of R x ) := rank(S) if (S) is free (see 1Y3II ). 
In general, (null dimension of Jzf ) > (null dimension of R x ). If Jzf has nullity, so does R x , 
and (nullity of Jzf) > (nullity of R x ) since any subgroup of a free abelian group is free (see 
e.g. |G]). If Jzf is tame, then (null dimension of Jzf) = (null dimension of R x ), and if Jzf 
has nullity, then 

(nullity of Jzf) = (null dimension of Jzf) = (nullity of R x ) = (null dimension of R x ) 
since S + S = R°. 

Lemma 4.19. Let (J£,3>i?,3S) be a LEALA over F with the center Z(Jzf), and R° the set 
of isotropic roots of 'Jzf '. Then: 

(1) We have 

£ Ft s £ z(if ) £ je, 

SeR Q 

where tg is a unique element in ffl defined at (1211 l in Lemma \4~4\ 

(2) Let Jzf c be the core of Jzf 'and R% = {8 £ R° | Jzfg n -£f c ^ 0}. Then for 8 £ R% we 
have tg £ Jzf t and 

£ Ft s = Z(j2f c ) n 3ff £ Z(JS?). 
SeR° c 



LOCALLY LOOP ALGEBRAS AND LOCALLY AFFINE LIE ALGEBRAS 



23 



(3) Let R x be the set of anisotropic roots of j£f, which is a LEARS. Let m be the null 
dimension ofR x , which is equal to the dimension of the radical of the induced form from 
on spariQ/? x . Then, m > dinif (Z(Jz? £; ) FiJif), and ifm > 1, then dinif (Z(.£f c ) flJf) > 1. 
Hence m = 1 implies that dinif (Z(J<? e ) HJif) — 1 an<f dirm? Z(Jzf ) > 1. 

(4) lfS£ is tame, then £ 5&ff0 Ft s = £ 5&R o Ft s = Z(££ L ) n = Z(Jzf ). 

A/io, /ef n £>e f/ze nwZZ dimension of ££, i.e., n = spaon,/? . TTien m = n > dinvZ(Jzf). 
Moreover, ifn > 1, fnen dimj? Z(jSf) > 1. Hence n = 1 implies that dim? Z(Jzf) = 1. 

Proof. (1): Since each 5 is an isotropic root, we have [fg,x] = for any root vector x G jSft . 
In fact, [fg,x] = 4 (/s)x = (4 , 5)x = since 5 is in the radical of the form (see (f22]i). Hence 
[?g,_Sf] = 0, i.e., fg G Z(_Sf). Thus T.seR oFt S C Z(J<?). For the second inclusion, note that 
Jzf is an Jff-weight module, and Z(_S? ) is a submodule. Hence, Z(_Sf) is a weight module 
(by a general theory of weight modules). Namely, Z(_S?) is a graded subalgebra in our 
case. But then, since Jtf? is self-centralizing, we obtain Z(_Sf) C Jif. 

(2): For 5 G R% let ^ x G Jzfg nJz? c -. Then t§ = [x,y] for some y £ and hence 

G Jz? c since J£ c is an ideal. Thus Y>8eR° Ft S c -^c n ^> an d, by (1), we get Ffg C 
Jzf c nZ(Jf) G Z(jSf c ). Therefore, we obtain £ 5e/ jp Fr 5 G Z(Jzf c ) n JT. 
For the other inclusion, let x G -Sf e H Jf?. Since 

Jf t n^= £ [JSf {) J2f_ 5 ]+ £ [JSf S) J2f_ ff ], 
£es x 5eff° 

one can write 

£efl x 5e«° 

where a^,ag £ F . Let A G R x is a locally finite irreducible root system determined by a 
reflectable section of R x and S a reflection space for a short root in A. Then we know that 
R x G A + S and R° = S + S (see (1301). Thus we get 



aeA.S'eS SeS+S 

= £ ( a a+S' t a + a a +S' t 8') + ° sts 
aeA.S'eS 5eS+S 

= 12 a a+5 it a + £ fl a+5' f 5'+ £ fl 5^, 
aeA.S'eS aeA.S'eS SeS+S 



and hence, 

y'= E a a+5' r « GZ(if). 
aeA.S'eS 

But y £ (] G g, and since g is a locally finite split simple Lie algebra, this y has to be 0. 
Therefore, 

* = £ a a+8'tS'+ E fl S f S e E Ft S> 
aeA.S'eS SeS+S SeR° 

and we obtain Z(Jz?) = Y.SeR oFt S- The second inclusion follows from (1). 

(3): We know /? x C A + S and m = dim^ spanS. But since R® = S + S, we have m = 

diniQspan^. Now, there is a one to one correspondence 

{S£R° c .}^{t s } SeR o, 

and note that for some 8, 8' £ R% one may have 8 + 8' R®., but since 8 + 8' £ Jti?*, we 
still have a unique element t$ + gi £ through 3§(t§ + §i,h) = (5 + 8'){h) for all /z G M' . 
Also, one can easily see that tg+gi = t$ +tgi. Similarly, for any a £ F, there exists a 
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unique element t a g G Jf? such that 33(t a g,h) = (a8)(h) for all h G and one can check 
that t a g — atg. Thus for any subfield F' of F, we have a linear isomorphism between 
the vector spaces span F , and Y^gsRoF'tg over F'. In particular, m = dimQ£ g&R o Qtg > 
dim/r Y,8eR° F { 8 = dirrif (Z(Jz?.) n J^ 5 ) . Finally, if m > 1, then there exists ^ 8 G and 
so fg ^ 0. Thus Ffg ^ 0, and hence we get the last statement. 

(4): We have R° = S + S = R° C since Jz? is tame (see Lemma l4.17b . Hence, Lg^oFfg = 
LseR° Ft 8- Also ' b y ( 2 )' we already have £ 5e/f oFr 5 = Z(Jz? c ) nJf 7 C Z(Jzf). Moreover, 
forx G Z(jSf), we have x G Z(_S? C ) since J§f is tame. Hence, Z(jS? e ) n J? = Z(.Sf). The rest 
of assertions follow from the fact that R° = R® using (3). □ 

Remark 4.20. There are examples of a tame LEALA or EALA whose nullity is °° but the 
center is just 1 -dimensional. For example, Jz? = sl2(C[f i ±1 ], £ N) ®Fc®d is a tame EALA 
over C of type Ai, where d — YT=i a 'di with degree derivation di = ti4r, and {a,} (G N C C 
is linearly independent over Q. This Jz? has null rank °° but the center is equal to Fc. Note 
that the Cartan subalgebra 34? of Jz? is just 3-dimensional. (The details are in IIMYI Remark 
5.2(2)].) 

Corollary 4.21. Let (Jz?, 34? , 3$) be a tame LEALA. Then we have a natural embedding 

ad^f^ Derf (j5? c /(Z(j5? c ) n . 

In particular, ifx G Jz? is in a complement of the core, that is, x G ^# with Jz? = Jz? e © 
then adx can be identified with an outer derivation of the loop algebra Jz? c /(Z(Jz? e ) n iff). 

Proof. Since Jz? e is an ideal of Jz?, the restriction adx \g> is in Der^ Jz? c . Since Jz? is tame, 
this restriction map is injective. Now by Lemma 14.191 we have Z(Jz? c ) n 34C C Z(Jz?), and 
so adx \%> c can be identified with the induced derivation in Derp (jz? e /(Z(Jz? t .) njf?)). Note 
that [x, Jz?.] C Z(Jz? c ) D 3f C Z(Jz?) implies [x, \y,z}] = [[x,y],z] + [y, [x,z]] = for y,z G Jz?. 
and [x,J2f c ] =0. 

For the second assertion, suppose that adx is inner in Der/r (jz? c /Z(Jz? c .) Pi ^j, i.e., 
adx = ady for some y G Jz? c ■ Then 

[x-y,Jz?.] CZ(j5? c )n^. 

But, since Jz? c is perfect, again we have [x — y, Jz? c ] = [ [x — y, Jz? e ] , Jz? e ] + [Jz? c , [x — y, Jz? c ] ] = 
as above. Hence x — y G Cjf (Jz? c ) = Z(Jz? c ) by tameness. In particular, x — y G Jz?,-, but then 
x G Jz? 6 , and this forces x to be 0. Therefore, adx is an outer derivation of Jz? / (Z(Jz? c ) n 
3t). □ 

We know that the core of a LALA is a locally Lie 1-torus (see d23l). Moreover: 

Corollary 4.22. Let Jz? be a LALA. Then: 

(1) The core Jz? c is a universal covering of a locally loop algebra. 

(2) There exists a natural embedding ad Jz? Der/r (Jz? c /Z(jz? c )). 

In particular, ifx G Jz? is in a complement of the core, then adx can be identified with 
an outer derivation of the locally loop algebra Jz?-/Z(Jz?-). 

Proof. By Lemma 14.191 Jz? t - has a nontrivial center. Hence, by Theorem l3.5l we see that 
(1) is true. For (2), we have 



z(jz? t .) n ,ye = z(jz? c ) = z(j^) 

for a LALA Jz?, and so the assertions follow from Cororally |4.21l 



□ 
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5. Examples of LALAs 

To finish the classification of LALAs, we need to classify a complement of the core. 
Before doing this, we give examples of LALAs. Let us first define the minimality of a 
LEALA in general (see [N2| and also Remark |7. 16b . 

Definition 5.1. A LEALA Jz? is called minimal if Jz? is the only LEALA containing _§f c 
and contained in Jz? (, equivalently saying, if there is no LEALA Jz?' satisfying Jz? t C Jz? ' C 
Jz?). Note that if the nullity is positive, then Jz? c is never a LEALA. So if Jz? c is a hyperplane 
in Jz? (, that is, dim Jz?/Jz? c = 1) with positive nullity, then Jz? is minimal. 

Example 5.2. Let 3 be an arbitrary index set. One can construct 14 minimal standard 
LALAs from 14 locally loop algebras L(X^) in Section 3. Namely, 

gms = jg?w(xW) := L(x5' } ) ®Fc®Fd {0) 

is a LALA of type X^', where c is central and is the degree derivation, i.e., 

d {0) (t m )=mt m 

with a Cartan subalgebra 

= \)®Fc®Fd {0 \ 

where f) is the subalgebra of fl(Xj) consisting of diagonal matrices if 3 is infinite or any 
Cartan subalgebra if 3 is finite. Also, a nondegenerate invariant symmetric bilinear form 38 
on jj?"" is an extension of the form defined in Section 3 for loop algebras, using the trace 
form or the Killing form if 3 is finite, and a nondegenerate symmetric associative bilinear 
form on F[f ±! ], and defining 38 {c, d^) = 1. In particular, we define 38(d ( -°\d^) = as 
usual although 38{d^\ dW) can be any number in F. These LALAs are minimal LALAs. 
Note that any standard LALA contains a minimal standard LALA. Note also that if 3 is 
finite, then LALAs are automatically minimal standard LALAs, which are the affine (Kac- 
Moody) Lie algebras. 

Now, we give examples of bigger (and biggest) LALAs when 3 is infinite. Note that 

sh(F) + T = gl 3 (F) + T, 

where T — Ty is the subspace of all diagonal matrices in the matrix space M^(F) of size 
3, is a Lie algebra with the split center Ft, where I is the diagonal matrix whose diagonal 
entries are all 1 . Thus its loop algebra 

^ = f/ 3 :-(sb(F) + r)®F[f ±1 ] (31) 

is a Lie algebra with the split center 1 ®F[t ]. 

Assume that 38 be a symmetric invariant bilinear form on a i/ , which is not a zero on 
sl;j(F). Then, by Lemma [3~6l and Lemma l4~8l 38 is unique up to a scalar to tr®£ on 

(sl a (F)®F[f ±1 ]) x % and W x (sl a (F) ®F[t ±l ]) , (32) 

i.e., for x,y £ & and if x or y s sl 3 (F), then 

38{x®t m 1 y®t n ) =ato(xy)8n- m (33) 

for some a £ F x . We claim that such a form 38 does exist. As in the case of nullity 0, we 
choose a complement T' of \) in T, i.e., T = T' © f). For each m £ Z, let 

V/ m :T'xT' — ► F 
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be an arbitrary bilinear form. We define a symmetric bilinear form 38 on ^ as 

m(x®t m iy ®t n ) = \lf m {x,y)8 n ,- m 

on T' ®F[f ], and d33l on (f32b . One can similarly prove that 38 is invariant to the case of 
nullity using the following claim (which can also be proved similarly to Claim l4~T0l i. 

Claim 5.3. Let x G T\Fi andy k G slj(F)for k = 1,2, ... , r. 77;en fnere exwf a finite subset 
I of 3, =/= h E t) and g G T such that y k G sl/(F)/or all k, and h G h/, 

x = h+g, [x®t m ,y k (g>t n ] = [h®t m ,y k <g>t n ] and 38(x<&t m ,y k ®t") = 38{h®t m ,y k ®t n ) 

for all m,n G Z ant/ a// A:. Moreover, there exist y G slg (F) ant/ n' G f) wen that 

[x®t m ,y®t n ] ^0 and SS(x® t m ,ti <g> r m ) ^ 0. (34) 

□ 

Now we can use a general construction, that is, a one-dimensional central extension by 
the 2-cocycle 

p(ii,v) :=^(£/ (0) (m),v) 

for w,v G where aK ) is the degree derivation on ^ . This is well-known (see e.g. 
I1AABGP I), but for the convenience of the reader, we show that <p is a 2-cocycle in a 
slightly more general setup. Note that d^ is a skew derivation relative to 3§, i.e., 

38(d^(u),v) =-^(M (0) (v)). 

More generally, for a Z-graded algebra A = 0„, e z A m with a symmetric graded bilinear 
form y/, the degree derivation is skew relative to y/. In fact, for x = Y* m x m an d J = 

LmJm GA, We have V/(t/ (0) (x),y) = 'L m m V( x m,y) = Lm m W( x m,y-m) =Lm m W( x ,y-m) = 

~'Lm m ¥( x ^ym) — — y(x,d^(y)). Hence is skew. 

In general, on a Lie algebra L with a symmetric invariant bilinear form B, one can define 
<P(h,v) := Bu/(m),v) for any skew derivation d and m, v G L. Then <p(«,v) is a 2-cocycle 
(which is also well-known). In fact, clearly the first condition of cocycle, i.e., (p(u,u) = 
for all u G L, holds. For the second condition, we have 

(p([u,v],w) + (p([v,w],u) + (p([w,u],v) 

= B(d([u,v]),w)-B([v,w],d(u))-B([w,u],d(v)) 

= 2?([J((«),v]),w)+2?([H,rf(v)]),w)-2?([v,w],rf(a))-fl([w,H],</(v)) 

= B(d((u), [v,w])-B(d(v), [u,w]) -B([v,w),d(u)) -B([w,u],d(v)) = 0. 

Thus we get a 1 -dimensional central extension 

<% :=W®Fc 
using the 2-cocyle <p(a,v) = 3§(d^(u), v) above. Then 

$ = #, :=€®Fd (Q) 
is naturally a Lie algebra defining 

M (0) ] = o, 

anti-symmetrically. Thus the center of % is equal to Fc@Fi. We also extend the form 38 
by 

38(c,d {0) ) = l and ^(^,J (0) )=0, 



LOCALLY LOOP ALGEBRAS AND LOCALLY AFFINE LIE ALGEBRAS 



27 



symmetrically (and the value of 8S(d^\d^) can be any). Then one can check that this 
extended form is also invariant. 

Let q : — sLj(F) and let g = t) © (0^ga 3 cIj* 0m) ^ e tne root-space decomposition of g 
relative to f). Let 

J? :=T®Fc®Fd { - G) . 
We extend each root fi G h* to an element in J$f*. First, one can extend fi to T' ®Fl as 
we did in the case of nullity 0. Then we define n(Fc®Fd^) = 0. Also, define 8 € 
as 8(T (BFc) = and 8(d^) — 1. Then °& has the root-space decomposition 

© 4 

relative to JT, where = ® f for f \i e = A 3 U Z5, = T®t m for 

m ^ and = ^ and ^ = if % g This is an (A^ 1 '} -graded Lie algebra, and 

8§ is graded in the sense that ,%)=° unless € + T? = for all £ ,T/ 6 A^ 5 . In 

particular, the radical of 8$ is graded. 

Claim 5.4. The radical of 8% is contained in I ®F[t ±l ]. 

Proof. Since the radical of 3$ is graded, one can check the nondegeneracy for each homo- 
geneous element. It is clear that the elements of degree /J. + m8 for /J. £ A3 cannot be in 
the radical. For the elements of degree m8, it follows from d34b . □ 

It is now easy to check that = , is a LEALA of nullity 1, defining yb(M) 

0. Since the center of °i/ is equal to Fc@Fi, this is not tame. However, the subalgebra 

:= ( sl a (F) ®T')®F[t ±x ]®Fc® Fd {0) 

of is tame, and so £g max is a LALA. Moreover, it is easy to check that a 1 -dimensional 
extension of the core J^ £ mflA " = sl 3 (F) ®F[t ±l ] ®Fc of£" nax , say 

j?{p)=^r x ®F(d io) + P ) 

for some p <G T', is a minimal LALA of type aL 1 ' (which is a subalgebra of ^f nmx ). Also, 
one can show that any homogeneous subalgebra of Jjf max containing some -£?(/?) is a 

LALA. We will show in Section 6 that any LALA of type A^ 1 ' is a homogeneous sub- 
algebra of some J£' m,x containing some «5f (p). 

Also, let 8$ be any form on % with the radical l ®F\t ±x \. Then 

#/(l®F[f :t1 ]) = ^/(l®^ 1 ]),?,^), 

where f = (r ® 1+ 1 ®F{t ±l }) / (1 ="]) and J 1 is the induced form of 8§, is a LALA 
isomorphic to Jz?" ,£ "\ 

We describe the other untwisted LALAs using <%23 an d ^23+1 an d the automorphism a 
again defined in (fT5l ). First, one can assume that the defining complement T'offy = ^23 
or ^23+1 (with 1//) is cr-invariant. Such a complement exists. For example, let 

T = T + ®T~ 

be the decomposition of T = T23 or T^j+i, where T + is the space of eigenvalue 1 and T 
is the space of eigenvalue — 1 . Also, since F) is <T-invariant, we have 

h = h + ©rT, h+cr+ and h~ c T~. 
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Note that Fi C T . Choose complements (T + ) ! and (T )' so that 

r+ = h+ © and T~ = h~ ©Ft © {T~)'. 

Let 

T' := (T+)'®(T-)'. (35) 
Then we have T = fj ©T'ffiFl and r' is ff-invariant, and 

(r') a = (T') + = (r+)' and (7-')" = (7-)'. 

Let us extend the automorphism on ^ = or ^23+1 as 

d(x®t k ) := a(x) ®t k , a(c):=c and a(d^):=d^°\ 

Then the fixed algebra #* with the restriction of the form *8 is a LALA of type bL , C^' 
or Dj , depending on the type of a. More precisely, 

= ( fl © (r') a ) OF^ 1 ] ®Fc(SFd {0 \ 

where g = SI23+1 (F) 17 or SI23 (F) a is a locally finite split simple Lie algebra of each type. 
Note that T a = T+ = h+ © (r')* 1 and r = (j~ ©Ft © (T - )' have the following forms: 

T + = {(ate) G 723+i I an = -fl3+i,3+; (Vi G 3), 023+1,23+1 = 0} 
7 1 = {(at*) G 723+1 I ««' = fl3+i,3+!- (Vi G 3)} for B^, 
T + = {(a kk ) G r 2 a I fla = -aj+ij+i (Vi G 3)} 

r - = {(«») G 7b I an = aj+p+i (Vi G 3)} for or D^. (36) 

The nondegeneracy of the restricted form 3$ follows from the following lemma whose 
proof is similar to the case in nullity 0. 

Lemma 5.5. Let O^iG T + or x 6 T \Fi. Then there exists some 7^ h G f) smc/; f/iaf 

a'(je®* m ,A®r m )^0 
for all m^TL. □ 

As in the case of type Aj , a 1-dimensional extension of the core , say j£f (p) = 
^©F(t/(°)+p) for some p G r" 7 , is a minimal LALA of each type. Also, one can 
check that any homogeneous subalgebra of a t/ c containing some _£f (p) is a LALA of each 
type. We will show in Section 6 that any LALA of each type is a homogeneous subalgebra 
of containing some ^f(p). 

We can now give examples of twisted LALAs similarly. Namely, we use the automor- 
phism o~ again defined in (15[ to get the type C3 or B3, and extend the automorphism on 

it = #23 or #23+1 as 

d(jt®f*):=(-l)*a(jt)<g>f*, a{c) = c and a(d {0) ) := d {0 \ (37) 
choosing a good complement T' for each a as in ( f35l >. Then the fixed algebra with 

(21 (2) 

the restriction of the form 3$ is a LALA of type C!j or BC 3 , depending on the type of a. 
More precisely, 

a tt d = ( © r ,+ ) (g> F[r ±2 ] © (s © r'~) ® fF[r ±2 ] © Fc © f</ (0) , 

where q = sp 2 g(F) or O23+1 (F) and s = si2;j(F)~ or si2a+i (F)~ . The nondegeneracy of 
the restricted form follows from Lemma fOl As in the untwisted case, a 1-dimensional 
extension of the core # C . CT , say jf (p) = <g?* ©F(J(°) + p) for some p 6 is a minimal 
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LALA of each type. Also, one can show that any homogeneous subalgebra of con- 
taining some Jzf (p) is a LALA of each type. We will show in Section 7 that any LALA of 
each type is a homogeneous subalgebra of some f W a containing some «5f (p). 

(2) j 1 

For the type Bj , as Neeb described in BN21 App.l], we define a different kind of 
automorphism T on the untwisted LALA := $23+2 °f tyP e ^o+i defined by s — 
1 " l ' • i\ p or convenience, let 3 + 1 = {j \ j € 3} U {jo} and 



V l 3+i 

23 + 2 = (3+ 1) + (3+ 1) = ({; | j £ 3} U {;,)}) U ({- j | 7 e 3} U {-; }) . 

Let 

8 = e fo,-fo + e -;'oJo 

be the matrix of exchanging rows or columns, and let x be an involutive automorphism of 
"23+2 (F) defined by 

x(x) = gxg. 

Then one can see that the fixed algebra 023+2{F) T = 023+1 (F) (which has type B3) and the 
minus space s := 02jf+2(^) _ by X is isomorphic to F 2:i+l as a natural O23+1 (F) -module 
with 

so = 023 +2 (F)~nt) + =F(e Jojo -e-j -j ). 

We can extend x on O23+2CF ) + T^ +2 = f) + © 7 ,/ 23+2 ( see (EDO- Then r'23+2 is clearly 
T-invariant, and we have 

1 ■— V 23+2) — 1 20 + 1 — 1 23 

and the minus space (7 , '23+2) by X is equal to 0. 

We further extend x on ^0 as the same way as in d37l >. i.e., 

f(jc®f*):=(-l)*T(jc)®l* t(c)=c and f (d (0) ) := </ (0) , 

(2) 

and get a LALA JK^ of type Bij . More precisely, we have 

^ = ("23+1 (F) © T") ® F[f ±2 ] © s ® t F[t ±2 \ © Fc © Fd {0] . 
(For the odd degree part, no extra matrices, i.e., no elements from T', are involved as in 

(2) (2) 

an affine Lie algebra of type B^ = D^A.) The nondegeneracy of the restricted form 25 
follows from Corollary 15.51 As in the above, a 1 -dimensional extension of the core , 
say JSf (p) = ®F(d®> + p) for some p e T", is a minimal LALA of type Also, 

one can show that any homogeneous subalgebra of containing some ^f(p) is a LALA 

(2) (2) 
of type Bij . We will show in Section 7 that any LALA of type B~ is a homogeneous 

subalgebra of some containing some J^?{p). 

6. Classification of the untwisted case 

Let Jz? be an untwisted LALA of infinite rank, i.e., the core ££ c is a universal covering of 
an untwisted locally loop algebra. Choosing a homogeneous complement of the Z-graded 
core, one can write 

mel 

Note that the complement is assumed to be included in the null space: 
D m C jSf a = ^ mSl and D m c Jz? mSl , 

mel SeR° mel 
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where 81 is a generator of (R°)z- Let 

JS£:=JSf c /Z(jS? c ) 

be the centerless core. Also, let (g, h) be the grading pair of the Lie 1 -torus Jz? 6 so that fj is 
the set of diagonal matrices of a locally finite split simple Lie algebra g: 

g = h ® Qa — V^c i-^c \ C -2c = (J) 
aeA meZ 

where 

-**c — Vj7 v-^-tva- 
ceeAu{0} 

We identify the grading pair (g, h) of the Lie 1 -torus Jzf/ and S£ c . Moreover, we identify 

^.=L:=g<Z> F F[t ±l }. 

Now, we classify the diagonal derivations of an untwisted locally loop algebra L in 
general. Let 

(DerFL)o = {d e Der f L \ d(Q a ®t' n ) c g a ®t m for all a e A and m e Z}. 

We call such an element a diagonal derivation of degree in Introduction. Note that since 

00 = f) = LaGA[0a,0-a]> we have 

</(h®? m )= £rf([fla,0-a]®O= L ^([0a®f m ,0-a«)l]) 
aeA aeA 

= L (M(0«® fm ) J 0-««)l] + [0a®f m ^(0-a®l)]) 
aeA 

C £ [0a®f m ,0-a®l] = f)®f m 
aeA 

for all (Der F L)g. 

Note also that c/ | g is a diagonal derivation of g. Hence, by Neeb [NIL we obtain 
d \ „= adp for a certain diagonal matrix p of an infinite size. More precisely, p E P, where 

P = Tj for A3, and 7^ or T^tj , j for the other types (38) 

defined in Example |5.2| Let 

d' :=d~adp e (Der F L)g. 

Then we have 

d'(g(g> 1) = 0. 

In particular, we have d'(t) ® 1) = 0. So, for ^ f € g a eg) f, if 

d'(x®t)=ax®t (39) 

for a € F, then 

c/'(y(g)f _1 ) = -ay<g>? _1 (40) 

for all y G g-a- In fact, since ^ [x,y] — h G f) and c/'(y ®f _1 ) = by®t~ l for some b € F, 
we have 

= </'(/z ® 1) = d/'([^(g)f,y(g)f _1 ]) = [J'(jc(g)f),y®f _1 ] + [x(g)l,t/'(y(g)f _1 )] 
= (a + b)[x®t,y®r l ] = (a + b)[x,y]®l. 
Hence, b = —a. 

Lemma 6.1. Let g = f) ffi© a eA0a ^ e a locally finite split simple Lie algebra. Then 
(0).0/3 = for any /3 € A, where il(g) is the universal enveloping algebra of g. 
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Proof. Since ^(oj-Qp is a nonzero ideal of g, it must be equal to g by simplicity. □ 

By Lemma l6*Tl three subspaces 

0®1, 0a<8>f and Q- a ®t~ l 

generate A as a Lie algebra. 
Let 

d":=d'-a-d(°\ 

where =t—. Then we have d"(g(g)l) = d'(Q®l) =0 and using (|39l i, 

d"{x®t) = d'(x®t)—ax®t = 0. 

Similarly, using d40i >. 

d"(y®r l ) =d'{y®r l )+ay®r l = 0. 
Thus we get d"(L) — and d" — 0. Hence we obtain 

d = adp + a-d {0) . (41) 
We define the shift map s m for m s Z on L = g OfF^ 1 ] by 

i m (x®f i ) ;=x®t k+m 

for all leZ. (Shift maps were discussed in the classification of affine Lie algebras by 
Moody in [Mo |.) The shift maps clearly have the property 

Sm([x,y]) = [Sm(x),y] = [x,S m (y)] 

for x,y S i. (In other words, the shift maps are in the centroid of L.) Thus s m od is a 
derivation for any derivation d of L. In fact, for ijeL, 

s m orf([^,v]) = s m ([of(x),;y] + [x,d(y)}) = [s m od(x),y] + [x,s m od(y)}. 

Now, let 

d e (Dei>L)o ={de Der F L | ®t k ) C 0« ®^ +m for all a 6 A and k E Z}. 
Then we have 

s_ m od £ (Dei>L)o. 
Hence, by (f4TT >. there exist p= pj £P and some a = a^/ G F such that 

s_ m o (i = ad/? + a ■ d^°\ 

and so 

d = s,„ o (ad p + a- d^). 
Thus we have classified diagonal derivations of the untwisted locally loop algebra. Namely: 

Theorem 6.2. For all m € Z, we have 

(Der^ L)q = s m o (Der F L)[J = s m o (adP©/^? (0) ), 
where P is defined in (138b - □ 
The following property of diagonal derivations is useful. 
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Lemma 6.3. For all m G Z, let 

(Der' F L)q := {d G (Der F L)%\s n od = do s„ for some O^neZ} 

and 

(Der^L)U' := {d e (Der F L)^' | s n o d = do s n for all n G Z}. 

77ien we /lave 

(Der^LjJ = s m o adP = (Der^. 

Proo/ First, it is clear that 

(Der^L)^' D (Der^Z,)™ D s m oadP 
for all m G Z. Thus it is enough to show 

(pa? F Lj$Cs m oaAP. (42) 
So, leti m o(ad/j+a-d(°)) G (Der^L)™ C (Der F L)™. Then for 

h®t k G t)®t k cDer/rL, 

we have 

S n o Sm {[p + a-d^\h®t k ])^S n (akh <g) f* +m ) = flAr/i <g> f * +m+ " 

and 

[* M o (p + a ■ d^),h ® t k+n ] =a(k + n)h ® t k+n+m 
for some h^O. Hence, an = 0, and we get a = 0. Therefore, we obtain 

s m o (ad p + a- oK ') = s,„ o adp G s m o adf, 
that is, (l42b has been shown. □ 



Remark 6.4. One can use some results by Azam about the derivations of tensor algebras 
(see HA2I Thm 2.8]). But the direct application to our tensor algebra Q®f F{t ±l ] gives an 
isomorphism that 

Der F (g® F F[t ±l }) = Der F g^ F F[t ±l ] © C(g)^ F Dei> J F[r ±1 ], 

where C(g) is the centroid of g and ®i? and ®i? are special types of tensor products (since 
g is infinite-dimensional). Thus we need a little more work to get our desired form above. 
Since we only need a special type of subspaces, namely, (Der F L)™ , we directly approached 
them, not using the Azam's result. Besides that, we have to investigate derivations of 
twisted locally loop algebras later which are not tensor algebras. 

Now we go back to classify D m . Let d G D m . Then add G (Der F L)g\ by Corollary WT2\ 
Hence, by Theorem |6.2| there exist p = pj G P (see d38l ) and some a = a c / G F such that 

adii = s m o (adp + a ■ d^). 

We claim that a — for all m ^ 0. First, note that there exist h, h' G fj such that tr(hh') ^ 0. 
Also, we have 

.^{h^t.h' ®r l ) = 3§{h®t m ,ti®t~ m ) =ctx{hh') ^0 

for all m G Z and some since 88 = ctr®£ (see Lemma [3~6l >. Now, using such a 

pair /1 and /i', we have 

@{ [d, h ® t } , ti <g> t ~ m - 1 ) = a3§{h ® t m+1 , h' <g) t ~ m - 1 ) 

= a8§(h®t,h! ®r x ) 
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While, 

@{[d,h®t],ti ®r m - 1 ) = ~ss{h®t,[d,h' ®r m - 1 ]) 

= a(m + \)3$(h®t,ti ®t~ l ). 

Hence, a = a(m + 1), i.e., am = 0. Thus m^O implies a = 0. 

Moreover, suppose that a = a t \ = for all d G D°. Then ad£>° C adP (see OS) and for 
the Cartan subalgebra Jt of the original LALA of _Sf, we have = rj §Fc®D°. But 
this contradicts the axiom _S?o = since [rj ®F[i ±:L ], ] = 0. Hence there exists p G P 
such that ad p + d^ G adD°. Consequently, we get 

adD'" C s m o adP 

for m =^ 0, and 

adp + d {0) G ad£>° C adP + Fd {Q) 

for some p G P. Note that it happens that d^ adZ)°. In other words, a LALA is not 
always standard. Note also that there exists a nonstandard LALA even if dim F D° > 2. 

Finally, we investigate the bracket onfl:= mGZ D™. Let D' := m ^ o D m . First, note 
that [£>',£)'] acts trivially on L since [ad(p ® f m ), ad(// ® f")] = ad[p ® f m ,// ® f"] = in 
Der F L. Hence, 

[D',D']cFc = Ft S] CJf, 

by tameness. Thus, for d,„ G D m (m =t 0) and d n E D" (n^ 0), we have, by the fundamental 
property ( ETT ) of a LEALA (see Lemma l44b . 

[d m ,d n ] = Sm,n&{dm,d n )t mSl = m8 m ,„&(d m ,d„)ts r 

Note that B(d m ,d„) can be zero since there exists /; G f) such that tr(d m ,h) ^ (and so 
B(d m ,h)^0). 

Next, since D° C , we have [D°,£> ] = 0. Also, for deD° so that ad L c/ = ad L p G £>°, 
we have [c/,£> m ] = 0. For the last case, i.e., for d G D° so that adz, a! = ad/, p + a- d^ ' G adD° 
and rf m G £> m , we have 

[d,d m ] = [a ■ d^°\d m ] — amd m . 

Now, if p G t) © Fi for the type A3 or if p G f) + for the other types, then there exists 
some h G f) such that ad/; = ad p. Hence, h — p G Z (_£?). But h— p ^ Jzf e , which contradicts 
the tameness of _Sf . Thus D m for m G Z is contained in a complement of fj © in T for 
the type A3 or a complement of f) + in T + for the other types. Thus: 

Theorem 6.5. Let Jz? be an untwisted LALA. Then _Sf is isomorphic to one in Example 

123 ' □ 



7. Classification of the twisted case 

As we already mentioned, each twisted loop algebra L is a subalgebra of an untwisted 
loop algebra L. More precisely, we have 

L has type B ^ => L has type 
L has type C^ => L has type A^ 
L has type Bclj 2 ' =>■ L has type A^j,,. 
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Remark 7.1. For the case that 3 is finite, the type Aj usually means the Lie algebra 
s h+\ (F)- So it may be better to write 



in order to follow the common notations. But in this paper, we already use the type of the 
Lie algebra slj(F) as Aj instead of A^ + i as long as 3 is an infinite set. 

Let us first show basic lemmas for locally twisted loop algebras. Let 



be a twisted affine Lie algebra, where g + is the 1-eigenspace and g~ is the (— l)-eigenspace 
by (7, as we already used this notations. Also, the Cartan subalgebra h of g consisting of 
diagonal matrices has the decomposition h = h + © h~, where h + = f) fig + and h~ = hng~. 

Note that the adjoint of the plus-space fixes g + and q~, and the adjoint of the minus- 
space interchanges g + and g~. 

Lemma 7.2. g~ is an irreducible g + -module. 

Proof. It is enough to show that for any root vectors v.w G g~, there exists i£g + such 
that [x, v] = w. But this is a local property. Namely, there exists a finite dimensional split 
simple subalgebra g' of g of the same type so that v, w G (g')~ C g~ and (g') + C g + . It is 
well-known that the property holds in the finite-dimensional case. Thus we are done. □ 

Lemma 7.3. The centralizer C +7-(g + ) ofg + in g + T is zero in each type. 

Proof. We can write each Lie algebra as 

g + r = g+ + g- + r+ + r-, 

for example, T + = and T = h_ for the type D^ + i . Let 

i = i + +.t_ + /i + + Leg + + g>r + + r 

be in C +7-(g + ). Then, for any y G g + , we have 

= [x,y] = [x+,y] + [x-,y] + [h+,y\ + [h-,y]. 

Hence, [x+ + h+,y] = and [x~ + h~,y] = 0. But Cent B + +r + (g + ) = since g + + T + 
is tame (cf. Section 4). Hence, x + + h+ = 0. Also, since [h-,y] G g~ Hg + = 0, we get 
[x-,y] = 0. But [x- , g + ] = implies x_ = since dim/r g~ > 1 and g~ is an irreducible g + - 
module (by Lemma |7T2| ). Therefore, x = h- G T . But then, if h- ^ 0, then there exists 
0^w€ g~ such that [g,w] — 0, which contradicts that g~ is an irreducible g + -module 
again. □ 

Lemma 7.4. Let h G T 2 + 3+2 c g + T^ +2 , h G Tia+i C g + T 2 j + u or h G T 2 j C g + r 2 3. 
Suppose that [h,g + ] C g~. 77ze« /i G /; G T^d+p or ^ £ T 2 y respectively. 

Proof. Let jc G g + and y = [ft,Jt] G g~. Then — y = [<j(h),x\. Hence, [h + o{h),x\ — for 
all x G g + . So h + o(h) G C fl +r(g + ) = 0, by Lemma 1731 Thus o(h) = —h, and we get 
h G T~, 7^3+1 or ^23' respectively- D 




g d = g+® J F[f ±2 ]©g-(g)fF[f ±2 ] 
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Let if be a twisted LALA of infinite rank, i.e., the core J£ c is a universal covering 
of a twisted locally loop algebra. As in the untwisted case, choosing a homogeneous 
complement of the Z-graded core, one can write 

2 = j2f c © D m , 05 m C0^ = 2 mSl and D"< c 2 mSl , 

meZ meZ SeR° meZ 

where 6"i is a generator of (R°)z- Let S£' c := _£f c /Z(_S? c ) be the centerless core and let (g, h) 
be the grading pair of the Lie 1 -torus Jz? c - so that \) is the set of diagonal matrices of a locally 
finite split simple Lie algebra g as before. 
Now, let 

s = S P 

0eA'u{o} 

be the irreducible g-module defined by type of _Sf c , where A' is a subset of A consisting of 
short roots or of extra long roots, and we identify 

JS£ =L:=(q ® F F[t ±2 ]) © (s® F tF[t ±2 ]). 

As in the untwisted case, we classify diagonal derivations of a twisted locally loop algebra 
L in general. 

Let of G (DerFL)g := {d eDer f L | d{Q a ®t 2m ) c Q a ®t 2m 

and d(s p <g> f 2m+1 ) C <E> ? 2m+1 for all a G A, J3 G A' and m G Z}. 

Then, as before, d | is a diagonal derivation of g, and so, by Neeb [Nl |, of \ g — adp for 
some p <E P depending on the type of g (see d3~8l>). Let 

:=d-adp G (Der^ L)q. 

Then we have d'(g<%> 1) = 0. In particular, we have rf'(f) ® 1) =0. Thus, by the same way 
as in the untwisted case, one can show that for ^ x <S> t G s^g ® f , if 

d'(x®t) =ax®t (43) 

for a £ F, then 

fi'O®^ 1 ) = -ay©? -1 (44) 

for all y G s_ | g. 

Lemma 7.5. For f/ie above 5, we have 11(g) .Sh = s/or any j3 G A', where il(g) w f«e 
universal enveloping algebra of Q. 

Proof. Since U(g).s^ is a nonzero submodule of s, it must be s by the irreducibility of 

5. ' □ 

By Lemma lTBI three subspaces 

g®l, sp®t and s_jg®f _1 

generate A as a Lie algebra. As before, let d" :— d 1 — a ■ d^°K Then we have d"(Q <8> 1) = 
d'(£l<8>l) = and using (l43l , d"(x®t) = d'{x®t) -ax®t = 0. Similarly, using (l44l . we 
havet/"(y®f _1 ) =rf'(y®f _1 )+fly®f _1 =0. Thus we get rf"(L) =0and d" = 0. Hence 
we obtain 

d = adp+a-</ (0) . (45) 
We again define the shift map S2m f° r m G Z on L = (g [f ±2 ]) © (s <8>f [f ±2 ]) by 

s 2 m(x©f 2,: ) :=*®f 2/:+2ffl and s 2m (v®t 2k+l ) := v®t 2k+2m+x 
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forx G g and v Gs. Letd 2m G (Der f L)l'" := {d E Dei F L \ d 2 m(Qa'^t 2k ) C g a (E)t 2k+2m 
and d 2m (Sp <g> CS(j® ? 2fc+2m+i for gjj ce E A, j8 S A' and m G Z}. 

Then we have S-2, n ° dim £ (Dei>L)(]. Hence, by (05J, there exist some p = p l / lm E P and 
a = a<j ?m E F such that S- 2m ° ^2m = adp + a-d(°\ and so 

d 2 m = S2m°adp+at + — . 

dt 

Thus as Theorem l6.2l we have: 
Lemma 7.6. For all m 6 Z, we /;ave 

(Der F L)^ m = s 2m ° (Der f L)° - s 2 m ° (adF® F^ >), 
w/zere F ;s defined in (138b - □ 

Also, as Lemma 1631 we have: 
Lemma 7.7. For aW m 6 Z, /ef 

(DerJ, L)^ m := {rf G (Der F L)J" | s 2 „od = dos 2n for some O^neZ} 

(Der^L)^ := e (Der F L)g m | s 2 „ o d = d o s 2n for all n E Z}. 
77ien we /lave 

(Der^L)2'" = s 2m o adF = (Der^F)^. 

□ 

Now, we go back to the classification of D m . Let o?2m G D 2m . Then ad 02,,, = S2m o adp + 
2m c/(°) for some p EP and aGfby Lemma I7T61 Then, as in the untwisted case, one can 
show that a — for all m ^ 0, using 

@([d,h®t],h'®r m ~ l ) = -ss{h®t 2 \d2 m M : ®r 2m - 2 ]) 

for some h,h' G h so that ti(h,h') ^ 0. Also, as in the untwisted case, there exists some 
p E P such that adp + d^ E adD°. Thus the spaces D m for even m's coincide with the 
ones in Example l5.2l 

Next we determine (Der f L)q™ +1 . 
Lemma 7.8. Let q E (Derp L)q" i+1 . Then q commutes with a shift map Sufor all i E Z. 

Proof. First note that A' does not contain a long root of A, where A' is the set of grading 
roots for s. Also, if A has type BC3, then A' does not contain a short root neither. Thus, 
for a long root vector x in g or a short root vector x in g for the case BC3, we have 

q{x®t 2k ) = (46) 

for all k E Z. Next we claim that for a short root y E Sp in reduced cases, there exist a 
long root a and a short root 7 such that y = [x,z] for some x E g a and z E Sy. In fact, it 
is enough to consider a finite-dimensional split simple Lie algebra of type B2 = C2. Since 
there always exist such roots a and 7 satisfying /3 = a + 7, the claim is clear now. 

Also, for any extra long root 2/3 and y E S 2 r, we have y = [x,z] for some x E Qp and 
z E Sp . Finally, we have, for any long root vector x or a short root vector x for the case 
BC3, and any k G Z, 

<? o s 2 ;(x ® t 2k ) = q(x ® t 2k+2i ) = = s 2 ; ® f 2i )- 
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Moreover, for any short root vector y in reduced cases or any extra long root vector y, and 
for any n£Z, choosing x and y above such that y = [x,z], we have 

qos 2 i(y®t") = qos 2i ([x®t 2e ,z®t r }) (2£ + r = n) 

= q([x®t n+2i ,z®t r ]) 

= [q(x®t 2e+2i ),z®t r ] + [x®t 2(+2 \q(z®t r )] 
2l+2i 



[x®t^",q(z®t r )] (by®) 
--S2i{[x®t 2 \q(z®t r )}) 
-- s 2i ([x®t 2e ,q(z®t r )} + [q(x ® t 2e ) , z ( 
(adding 0= [q(x®t 2e ),z®t r ]) 
--s 2i oq([x®t 2e ,z®t r ]) 
--s 2i oq(y®t n ). 



Hence q o s%t = *2i ° <?• 



□ 



Lemma 7.9. Let L = g ®F [f ±2 ] ©5 ®tF [f ±2 ] be a twisted loop algebra which is double 
graded by A U {0} and Z as above. Let d be in (Derp L) 2 ^^ 1 such that S2 o d — d o S2- TTien 
f/iere erofs a unique derivation d on L so that 

d\ L =d, d(x®t 2k+i )=s x od(x®t 2k ) and d(v® t 2k ) = s_] od(v®t 2k+l ) 

for all x G Q, v € s, one/ G Z. Moreover, 



de (Dei F L) 



f \2m+\ 







such that Sk°d — dosk forallkGZ. 



Proof. The uniqueness is clear since the image of all homogeneous elements are deter- 
mined. So it is enough to show that a! is a derivation. Thus we need to check the following: 

For x,y G and v, w G s, 



(a) d( 

(b) <f( 

(c) <T( 

(d) d( 

(e) J( 

(f) «?( 

(g) d{ 



x®t 2k ,y®t 2e+1 }) = [d(x®t 2k ),y®t 2e+1 ] + [x®t 2k ,d(y®t 2e+l )) 
x®t 2k ,v®t 2e }) = [d(x®t 2k ),v®t 21 ] + 



x®t 2k+l ,y( 



,2k 



t 2k +\ 

t 2k+\ 



{ 2f.+ l 



]) = [d(x 



v t- ri ]) = [d{x®t 2k+l ),v®t 



( 2k+l 
f 2k+\\ 



),y®t 



2M-1] 



,v§r]) = [d(x®t 2k+l ),v®t 2t ) + 



d(v®t 2i )} 
f [;t<g)f 2/:+1 
f [x®t 2k+l 
*< 2k+ \d(v®t 2e )} 



d(y®t 2f+l )} 
d(v®t 2e+x )] 



v®t 2k+ \w®t 2e }) = [d(v®t 2k+l ),w®t 2e ] + [v®t 2k+l ,d(w®t 2e )] 
v®t 2k ,w®t 21 ]) = [d(v®t 2k ),w®t 2e ] + [v®t 2k , d(w®t 2t )}. 



All the equations are followed by easy calculation, but let us check for sure. 
For (a), we have 

(LHS) = d([x,y] ® t 2k+2M ) = Sx od{[x,y] ® t 2k+2t ) = Sl od([x® t 2k ,y® t 2e }) 
= sio ([d(x®t 2k ),y®t 2e ] + [x®t 2k ,d(y®t 2e )}) 
= [d(x®t 2k ),y®t 2M ] + [x®t 2k , Sl od(y®t 2e )] = (RHS). 
For (b), we have 

(LHS) = d([x,v] ®t 2k+2e ) = s-i od([x,v] ®t 2k+2e+l ]) 

= s-i o ([d(x® t 2k ),v®t 2e+l ] + [x®t 2k ,d(v®t 2e+l )}) 
= [d(x®t 2k ),v®t 2e ] + [x®t 2k J(v®t 2t )} = (RHS). 
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For (c), we have 

(LHS) = d([x,y]®t 2k+u+2 ) = d([x,y] ®t 2k+2e+2 }) 

= d([x®t 2k ,y®t 2e+2 }) = [d(x®t 2k ),y®t 2e+2 ] + [x®t 2k ,d(y®t 2e+2 )} 
= s\o [d(x ® t 2k ),y ® t n+l ] + [x® t 2k , d o s 2 (y ® t n )} 

= [s\ od(x®t 2k ) 1 y®t 2l+l ] + s 2 o[x®t 2k ,d(y®t 2£ )] 
(since s 2 and d commute) 

= [d(x®t 2k+l ),y®t 2M } + [x®t 2k+l ,s l od(y®t 2e )] = (RHS). 
For (d), we have 

(LHS) = d([x,v]®t 2k+2e+2 ) = od([x,v] ®t 2M }) 

= 5_1 Oc/([x®f 2A: ,V®f 2<!;+3 ]) 

= j_! o ([</(* ® f 2*), v ® f 2£ + 3 ] + [x ® t 2k , d(v ® t 2M )}) 

= s l ([d(x®t 2k ),v® t 2e+l }) + s-2 ( [x <8 r 2i+ 1 ,</(v ® f 2i;+3 )] ) 

= [Si o d(x ® f 2 *), V ® f 2m ] + [x ® f 2 * +1 , S_ 3 oJ(v® t 2M )} 

= (RHS) (since s 2 and d commute). 
For (e), we have 

(LHS) = J(M®f 2,;+2m ) = d([x,v}®t 2k+2M }) = d([x®t 2k ,v®t 2e+l }) 
= [d(x®t 2k ),v®t 2M ] + [x®t 2k ,d(v®t 2M )} 
= [s 1 od(x®t 2k ),v®t 2i ] + [x®t 2k ,d(v®t 2M )] = (RHS). 
For (f), we have 

(LHS) = <*([v, w] ®t 2k+2t+l \) = si od([v,w] ®t 2k+2i ]) 
= s 1 od([v®t 2k -\w®t 2e+l }) 

= si o ([d(v®t 2k - x ),w®t 2M ] + [v®t 2k -\d(w®t 2(+l )]) 
= [s x od(v®t 2k - l ),w®t n+l ]) + [v®t 2k ,d(w®t U+l )] 
= [si od(x®t 2k ),v®t 2e+1 ] + {x®t 2k+ \s- 3 od(v®t 2e+3 )} = (RHS). 
For (g), we have 

(LHS) = d([v,w]®t 2k+2e }) =d([v,w]®t 2k+2l \) =d([v®t 2k -\w®t 2M ]) 

= [d(v®t 2k - l ),w®t 2M ] + [v®t 2k -\d(w®t 2l+l )\ 

= [si od(v®t 2k - l ) lW ®t 2t ] + [v®t 2k ,s^ od(w®t 2M )] = (RHS). 

For the second assertion, it is clear that d 6 (Deri?L) 2 , m+1 . Also, since d commutes with 
s 2 , so does d. Hence, by Lemma EOl d commutes with s^ for all leZ. □ 



Thus together with Lemma 17761 we have classified the diagonal derivations of twisted 
locally loop algebras. 

Theorem 7.10. Let Lbe a twisted loop algebra. Then we have (DetpL)® — adP ®Fd(°\ 
where P is defined in (138b , and 

(Der F L) 2 m = s 2m ° (Der F L)£ and (Der F L) 2m+l = s 2m+l o adr~ 
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for all m E Z, where T = So for B -j , T = T 2 y for C\ or T = T^a+l f or 
defined in Example \5.2\ 

Proof. By Lemma ITFl 17.91 and the classification of untwisted case, if d E (DerfL) 2 /" , 
then d E S2m+i ° (Der/rL)g. Also, by Lemma l7T8l and Lemma l7T7l we get d E S2m+\ ° &dP. 
Thus adp := S-2m-l °^ £ adP, and we have C g~, and hence, by Lemma F7~4l we 

get p E T~, Therefore, d E S2m+i ° adT~. □ 

Remark 7.11. If L is any twisted loop algebra of type B^ 2 ', then (Deiy L)q 1i+i = S2 m +i ° 
adso = ad(so ® t 2m+l ). So there are no outer derivations of odd degree. 



We go back to the classification of twisted LALAs. By Theorem 17. 101 if d E D 2m+l , 
then ad^ii E S2m+i ° ad^T - . The bracket on D := © meZ D"' can be investigated by the 
same way as in the untwisted case. Thus D m for m G Z is exactly one of the examples for 
each type described in Example l5.2l Thus we have finished the classification: 



Theorem 7.12. Let Jzf be a twisted LALA. Then _Sf is isomorphic to one in Example 

E2 □ 



Remark 7.13. One can show that any twisted LALA is the fixed algebra of some untwisted 
LALA. Moreover, for any untwisted LALA Jz? of type A^ 1 ' or D^, there exists a twisted 
LALA JO" which is a subalgebra of j£f so that jSf' is the intersection of Jz? and the fixed 
algebra of a maximal untwisted LALA ££ max containing Jzf. Note that a maximal twisted 
LALA is also unique, up to isomorphism, as in case of a maximal untwisted LALA. 

Remark 7.14. By Theorem 16.51 and Theorem 17.121 the LALAs in Example 15.21 exhaust 
all. From this fact, the following is clear, and it will be a useful criterion later. 

If a diagonal matrix p E T whose trace is a nonzero value (e.g. e,,- or e,,- + e^r+i o+i, etc.) 
is used in a LALA, then such a LALA has to be of type A^ 1 ', or BC^ . Moreover, if 

(2) (2) 

the type is or BC^ , then such a p has to be used in odd degree. 

Corollary 7.15. Let J? be a LALA (untwisted or twisted) with the center Fc and S£ c its 
core, which is a locally Lie l-torus with grading pair (g, h). If there exists ^ d E _S? such 
that [d,g] — and 3§(d,c) 7^ 0, then d is a nonzero multiple of a degree derivation modulo 
the center, and hence Jz? is standard. 

Proof. Let d = Y^teR x £, f° r x £, -^j- ^ % E R x , then [f),x^] C Jzf^, and so Xj- = since 
[d,Q] = 0. If £ G R° \ {0}, th en G f) ® t 2m or x% E s ® f 2m+1 or E d„, for some 
y^m E Z, by Theorem l6.5l and l7. 121 But for each case, if 7^ 0, then there exists a root 
vector y E Q a (0£ G A) so that [y,JC§] 7^ 0. This is a contradiction. Hence X| = 0. Thus 
d = x G J2f = Then, by Theorem|63]and|2T2l 

c/ = fc + /? + a • c/ (0) + • c 

for some fc G f), /:> G T = T ® f°, a,fc G F, and a 7^ since 3§(d,c) 7^ 0. So we have 

0= [</,fl] = [fc + p,fl] = [A,fl] + [p,fl]. 

Suppose that p has infinitely many nonzero entries. Then there exists x E such that 
\p,x] 7^ but [fc,x] = 0. This is a contradiction. Hence /? has only finitely many nonzero 

entries, and so the type of Jz? is Aj (see Remark l7.141 i. Let / be a finite subset of 3 so that 
fc G \)i C sl/(F) C slof(F) = g and /? G gl/(f ) C glj(F), where f)/ is the Cartan subalgebra 
consisting of diagonal matrices in sl/(F). (We use the property that sl^(F) is a directed 
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union of sl/(F) running over finite sets /.) Then p = h! + si] for some h' G h/ and s G F. 
Since sl/(F) c fl and [t/,sl/(F)] = 0, we have = [A,sl/(F)] + [p,sl/(F)] = [A+A',sl/(F)]. 
Since h+h' G sl/(F), we get fr+/z' = 0. Hence d = sij + a-d^ +bc. Take ey G fl for /' ^ /. 
Then [d, ey] = [si/ , ey] = sey = 0, and hence s = 0. Thus we obtain d — a-d^ +bc. □ 



Remark 7.16. Neeb in IIN21 Def.3.6] defined a minimal LALA Jzf as it is minimal in the 
sense above and satisfies one more condition: 

3 d G such that spanQjoc G R x \ a(d) = 0} is areflectable section. 

Thus [Q,d] = 0, and 8(d) ^ 0, where 8 is a generator of R° = Z. But then, d is a nonzero 
multiple of a degree derivation modulo the center, by Corollary 17.151 Hence, a minimal 
LALA in 1N2I is a minimal standard LALA in our sense. 

Example 7.17. Let p = diag(l, -, i, -,. . .) and put d = p+d^°\ Then the minimal LALA 

Jz? = slj}(F[f ,t ]) (BFc(BFd is not isomorphic to a minimal standard LALA. For, if «£? 
is isomorphic to a minimal standard LALA Jzf' ns , there exists an isomorphism 

y : JSf w — ► JSf 

so that y/(£/ (0 )) = x + a- c/ = x + fl - (c/ (0) + p) for some jc G Jz? c - = sl N (F[? ,t ©Fc and 
some nonzero a G F . Then, we have 

y/oad<i (0) o y/- 1 = ad(i//(t/ (0) )) = ad(x + a -d {Q) + a ■ p) 

in Der/?(«2'). Now we can compare the eigenvalues of the same operators y/oadc/' ) o y/~' 
and ad(x + a ■ aK ' + a ■ p). Note that the eigenvalues of y/ o adof' ' o y/~ 1 are all integers. 
We can choose h = — ee+\,i+\ & s\^(F[t such that 

[x,h] = 0, 

taking I » 0, where ey is a matrix unit. Then, 

[x + a-d 1 -^ + a- p,h®t] = a(h®t), 

which implies that a is a nonzero integer since a is an eigenvalue of ad(;c + a ■ d^ + a- p). 
On the other hand, we can also choose sufficiently large integers m,n » with m=£n 
satisfying 

[x, 6mn\ 

and 

a(n — m) , „ 

— Z. (47) 

For such m and n, we see 

1 1\ a(n — m) 

-a-d K "> + a- p,e m „ \ — a I 



• d^ + a ■ p,e m „] = a^- 



m n J mn 
Since 

a(n — m) 
mn 

is an eigenvalue of ad(x + a ■ d^ +a -p), it must be an integer, which is a contradiction to 
(|471 l. Hence, ^f"" is never isomorphic to Jz? . 



LOCALLY LOOP ALGEBRAS AND LOCALLY AFFINE LIE ALGEBRAS 



41 



References 

[Al] S. Azam, Extended affine root systems, J. Lie Theory, no. 2, 12 (2002), 515-527. 

[A2] S. Azam, Derivations of tensor product of algebras, Commun. Alg., 36, 3 (2008), 905-927. 

[AABGP] B. Allison, S. Azam, S. Berman, Y. Gao and A. Pianzola, Extended affine Lie algebras and their root 

systems, Mem. Amer. Math. Soc. 126 (1997), no. 603. 
[ABGP] B. Allison, S. Berman, Y. Gao, A. Pianzola A characterization of affine Kac-Moody Lie algebras, 

Commun. Math. Phys., 185 (1997) 671-688. 
[AF] B. Allison and J. Faulkner, Isotopy for extended affine Lie algebras and Lie tori, Prog. Math., 288 

(2008), 3-43. 

[B] G. Benkart, Derivations and invariant forms of Lie algebras graded by finite root systems, Can. J. 

Math. 50(1998), 225-241. 

[BM] G. Benkart and R. Moody, Derivations, central extensions, and affine Lie algebras, Algebras Groups 

Geom. 3 (1986), 456-492. 
[G] P. Griffith, Infinite abelian group theory, Chicago Lectures in Mathematics (1970). 

[LN] O. Loos, E. Neher, Locally finite root systems, Memoirs Amer. Math. Soc, 811 vol.171 (2004). 
[LN2] O. Loos, E. Neher, Reflections systems and partial root systems, preprint. 

[Ma] M. Macdonald, Affine root systems and Dedekind's r\-functions, J. Invent. Math., 15 (1972), 91-143. 
[Mo] R. Moody, Euclidean Lie algebras, Can. J. Math., 21 (1969), 1432-1454. 

[MP] R. Moody and A. Pianzola, Lie algebras with triangular decompositions, Can. Math. Soc. series of 
monographs and advanced texts, John Wiley (1995). 

[MY] J. Morita and Y. Yoshii, Locally extended affine Lie algebras, J. Algebra 301 (2006), 59-81. 

[Nl] K.-H. Neeb, Derivations of locally simple Lie algebras, J. Lie Theory 15 (2005), no. 2, 589-594. 

[N2] K.-H. Neeb, Unitary highest weight modules of locally affine Lie algebras. Quantum affine algebras, 
extended affine Lie algebras, and their applications,. Contemp. Math., 506, Amer. Math. Soc, Provi- 
dence, RI (2010), 227-262. 

[Nel] E. Neher, Lie tori, C. R. Math. Rep. Acad. Sci. Canada, 26(3) (2004), 84-89. 

[Ne2] E. Neher, Extended affine Lie algebras, C. R. Math. Acad. Sci. Soc. R. Can. 26 (2004), no. 3, 90-96. 
[Ne3] E. Neher, Lectures on extended affine Lie algebras, preprint. 

[Ne4] E. Neher, Universal central extensions of direct limits of Lie superalgebras, preprint. 
[NS] K.-H. Neeb, N. Stumme, The classification of locally finite split simple Lie algebras, J. reine angew. 
Math., 533 (2001), 25-53. 

[NY] E. Neher and Y. Yoshii, Derivations and invariant forms of Jordan and alternative tori. Trans. Amer. 

Math. Soc. 355 (2003) 1079-1 108. 
[S] K. Saito, Extended affine root systems 1 (Coxeter transformations), RIMS., Kyoto Uviv. 21 (1985), 

75-179. 

[St] N. Stumme, The structure of locally finite split Lie algebras, J. Algebra 220 (1999), 664—693. 

[Yl] Y. Yoshii, Root systems extended by an abelian group and their Lie algebras, J. Lie Theory 14(2) 
(2004), 371-394. 

[Y2] Y. Yoshii, Lie tori — a simple characterization of extended affine Lie algebras, RIMS., Kyoto Uviv. 
42 (2006), 739-762. 

[Y3] Y. Yoshii, Locally extended affine root systems, Proc. on Quantum Affine Algebras, Extended Affine 
Lie Algebras and Applications, Contemp. Math., 508 (2010), 285-302. 

(Jun Morita) INSTITUTE OF MATHEMATICS, UNIVERSITY OF TSUKUBA, TSUKUBA, IBARAKI, 305-8571 
JAPAN 

E-mail address: moritaSmath. tsukuba. ac . jp 

(Yoji Yoshii) AKITA NATIONAL COLLEGE OF TECHNOLOGY, 1 - 1 IIJIMA BUNKYOCHO AKITA-SHI, AKITA 

Japan 01 1-8511 

E-mail address: yoshiiSakita-nct . jp 



